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Abstract 

We provide a complete system of analytic invariants for unfoldings of non- 
linearizable resonant complex analytic diffeomorphisms as well as its geometrical 
interpretation. In order to fulfill this goal we develop an extension of the Fatou 
coordinates with controlled asymptotic behavior in the neighborhood of the fixed 
points. The classical constructions are based on finding regions where the dynam- 
ics of the unfolding is topologically stable. We introduce a concept of infinitesimal 
stability leading to Fatou coordinates reflecting more faithfully the analytic nature 
of the unfolding. These improvements allow us to control the domain of definition 
of a conjugating mapping and its power series expansion. 

1. Introduction 

In this paper we provide a complete analytic classification for unfoldings of non- 
linearizable resonant complex analytic diffeomorphisms. The group of 1-dimensional 
unfoldings of elements of Diff (C, 0) is 

Diffp(C2,0) e Diff (C2,0) : xoip = x}. 

Our main result is stated in the set Diffpi(C^,0) composed by the elements ip of 
Diffp(C^,0) such that <p\x=o is tangent to the identity (i.e. j^y^lx^o = Id) but 
f\x=o 7^ Id. Given ipi,ip2 we denote Lpi ip2 if they share the same set of fixed 
points Fixipi = Fix(f2 and Lpi, (f2 are conjugated by a holomorphic diffeomorphism 
respecting the fixed points and the fibers x = constant. 

Main Theorem. Consider (pi,(p2 € Diffpi(C^,0) with Fixcpi = Fixip2- Then 
ipi ~ (p2 if and only if there exists a real constant r € R"*" such that for all xq in 
a pointed neighborhood of the restrictions {^i)\x=xa ^^^d {^P2)\x=xo conjugated 
by an injective holomorphic mapping defined in i?(0, r). 

There is no hypothesis on the dependance on xq of the analytic mappings con- 
jugating {fi)\x=xo ^■ii'i i'P2)\x=xo- We only require a uniform domain of definition. 

The connection between the main theorem and a system of analytic invariants 
is obtained by getting an extension of the Fatou coordinates of <f\x=o to the nearby 
parameters for ip G Diffpi(C^, 0). In order to prove the main result we need an 
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improvement of the classical constructions (Lavaurs jnj-Shisliikura |21j-Oudkerk 
[T?)j ) reflecting better the geometry of ip. 

Our system of invariants is a generalization of the Mardesic-Roussarie-Rousseau's 
system 9 for generic unfoldings of codimension 1 tangent to the identity elements 
of Diff (C, 0). We drop here the hypotheses on generic character and codimension. 

Let us precise our main statement. Consider the set Diff p,.(C^, 0) of ip in 
Diffp(C^, 0) such that j^V'la;=o is periodic but (p\x=o is not. As a consequence of the 
Jordan-Chevalley decomposition in linear algebraic groups the analytic invariants 
of ((9 G Diffpr(C^,0) coincide with those of an iterate G Diff pi (C^, 0). 

Mardesic, Roussarie and Rousseau apply a refinement of Shishikura's construc- 
tion j21j to get extensions of the Fatou coordinates supported in Lavaurs sectors 
V^" describing an angle as close to 47r as desired in the x-variable. Indeed the 
extensions are multi-valuated around x = 0. They define analytic invariants a la 
Martinet-Ramis. More precisely they define a classifying space M. and a mapping 
: Vg" —> A4. They claim that (p ^ ( is equivalent to m^p = mc^. We skip the 
details of the definition of m^p but we stress that m^{xQ) depends only on 'p\x=xo- 
We generalize the definition of rrip for all (f G Diffpi(C^, 0). Their result induces 
to think that the uniform hypothesis in our main theorem is superfluous. That is 
not the case, we provide a counterexample to the main theorem in |9j. 

Theorem 1.1. There exist ^ Diffpi(C^,0) such that 

(1) Fixif = FixC and ipix^Q = C\x=o- 

(2) if, C are conjugated by an injective analytic a defined in \y\ < Co/ \/| lnx\ 
such that a{e^'^^x, y) — ( o a{x, y) for some (Co, v) G x N. 

hut ipi ^ Lp2- Given 7] G Diff pi (C^ , 0) we can suppose that {y o ip ~ y) — {y orj — y). 

In particular the counterexample is obtained by fixing {y o ip — y) = (x — y^), 
the conditions 1 and 2 imply = tuq. Their statement can be easily repaired, 
it is just too optimistic. In this paper we do it in two different ways: by giving 
a uniform version of the analytic system of invariants and also by studying under 
what rigidity conditions the uniform hypothesis is no longer necessary. 

Theorem 1.2. Let ip,(^ be formally conjugated elements o/ Diff pi (C^, 0) such that 
Fixif = FixQ. Suppose that 'p\x=o not analytically trivial. Then Lp ^ C, if and 
only if m^p = . 

Denote Diff i(C,0) = {0 G Diff (C,0) : = Id}. We say that Lp G Diffpi(C2,0) 
(resp. (j) G Diffi(C,0)) is analytically trivial if it is the exponential of a germ of 
nilpotent vector field. A consequence of theorem 11.21 is that the main theorem in 
[Hj is valid in the generic case. 

The complete system of analytic invariants is based on building Fatou coordi- 
nates for tp G Diffpi(C^, 0). Shishikura considers "transversals" to the dynamics 
of ip. A transversal T and its image <^(T) enclose a strip S{T). The space of orbits 
of ^\s(T) is biholomorphic to C*. Given a biholomorphism px conjugating S{T)/p 
and C* the function ■0^ = (l/27ri) In pT is a Fatou coordinate of (p in the fundamen- 
tal domain S(T). Shishikura's construction is only valid if (p\x=o is of codimension 
1. Since the Mardesic-Roussarie-Rousseau's system of invariants is obtained by an 
improvement of Shishikura's construction then it has the same limitation. 

We use Oudkerk's point of view based on obtaining transversals to the 
dynamics of (p by considering trajectories of the real flows of holomorphic vector 
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fields X whose exponential exp{X) is close to (p. He obtains Fatou coordinates for 
unfoldings of every (p S Diff i(C, 0) independently of the codimension of (p. 

Our choice of exp(X) is a convergent normal form. Denote by Xpi{C^,0) the set 
of germs of vector field of the form f{x, y)d/dy with /(O) = {df/dy){0) = 0. Given 
ip G Diff pi (C^, 0) there exists X £ Xpi{C'^,0) such that y o ip — y o exp{X) belongs 
to {y o ip — yY . We say that exp(X) is a convergent normal form of tp since they 
are formally conjugated and the infinitesimal generator X of exp(X) is convergent. 
The transversals are curves of the form exp(/iRX)(a;o, yo) for some /i e §^ \ {— 1, 1} 
and (a;o,yo) € C^. This point of view can be used even if wc do not work with 
unfoldings and just with discrete deformations of </> e Diff i (C , 0) \ {Id\ since there 
exists a universal theory of unfoldings of germs of vector fields in one variable 5 . 

The approach of Lavaurs-Shishikura-Oudkerk-Mardesic-Roussarie- Rousseau is of 
topological type. These constructions imply that the Lavaurs vector field, i.e. the 
unique holomorphic vector field X^ in S{T) such that = 1, is singular at 

the fixed points. Our approach provides: 

• Asymptotic developments of until the first non-zero term in the neigh- 
borhood of the fixed points. 

• Accurate estimates for the domains of definition of exp(cX^) for c e C. 

• Canonical normalizing conditions for the Fatou coordinates. 

These improvements allow us to: 

• Identify the Taylor's series expansion of the analytic mappings conjugating 

cp, CeDiffpi(C2,0). 

• Study the dependance of the domain of definition of a conjugation with 
respect to the parameter. 

• Give a geometrical interpretation of our complete system of analytic invari- 
ants (main theorem). 

We use some of the techniques in ^Ij like the dynamical splitting and also others like 
the study of polynomial vector fields related to deformations introduced by Douady- 
Estrada-Sentenac in The polynomial vector fields that we consider are different. 
Ours are related to the infinitesimal properties of the unfolding. They appear after 
blow-up transformations. These techniques allow to define fundamental domains 
depending on x and representing better the dynamics of ip when a; — > 0. 

Let us remark that the study of germs of diffeomorphism is useful to classify 
singular foliations. For instance consider codimension 1 complex analytic foliations 
defined in a 2-dimensional manifold. Up to birrational transformation we can sup- 
pose that the singularities are reduced. Denote by l]red(C^,0) the set of germs of 
reduced complex analytic codimension 1 foliations. Let uj £ i7red(C^, 0); if the quo- 
tient of the eigenvalues q{u}) is in the domain of Poincare (i.e. q{Lo) ^ R~U{0}) then 
Lo is conjugated to its linear part. Anyway, the analytic class of cj G rired(C^)O) 
is determined by the analytic class of the holonomy of uj along a "strong" integral 
curve Such a holonomy is formally linearizable if qiuj) £ M.~ \ Q~ and resonant 
whenever q{cL>) £ Q~ U {0}. Traditionally a singularity oj £ rired(C^,0) such that 
q{oj) £ Q~ \ {0} is called resonant whereas it is called a saddle-node if g((jj) = 0. 
The modulus of analytic classification for both resonant and saddle-node singular- 
ities have been described by Martinet-Ramis ^I] jJOl- Then it is natural to study 
unfoldings of resonant diffeomorphisms in order to study unfoldings of resonant 
singularities and saddle-nodes. This point of view has been developed by Martinet, 
Ramis ^J], Glutsyuk ^ and Mardesic-Roussarie- Rousseau Moreover Rousseau 
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classifies generic unfoldings of codimcnsion 1 saddle- nodes 120}. This program can 
not be carried in higher codimcnsion without a complete system of analytic invari- 
ants for unfoldings of elements of Diff i(C,0) of codimcnsion greater than 1. We 
remove such an obstacle in this paper. 

We comment the structure of the paper. In section Owe introduce the concepts 
of infinitesimal generator and convergent normal forms for germs of unipotent dif- 
feomorphism. We prove that every element of Diff pi (C^, 0) has a convergent normal 
form. Sectionals basically a quick survey about the topological, formal and analytic 
classifications of tangent to the identity germs of diffeomorphism in one variable. 
We study the formal properties of elements of Diffpi(C^,0) in section [5| We de- 
scribe the formal invariants and the structure of the formal centralizer of an element 
of Diff pi (C^, 0). We also reduce the problem of classifying unfoldings of resonant 
diffconiorphisms to the tangent to the identity case via the semisimple-unipotent 
decomposition. In section Owe give a concept of stability for the real flows of el- 
ements of Xpi{C^,0) and then we describe their topological behavior in the stable 
zones. In section [7| we give a quantitative mesure of how much (p e Diffpi(C^,0) 
is similar to a convergent normal form. The estimates are a key ingredient in our 
refinement of the Shishikura-Oudkerk-Mardesic-Roussarie- Rousseau's construction. 
In this way we obtain Fatou coordinates with controlled asymptotic behavior in the 
neighborhood of the fixed points. In section |S1 we define the analytic invariants, we 
describe its nature and compare with the ones in Section^deals with the special 
case of unfoldings in which the fixed points set is parameterized by x. We can use 
then a parameterized version of the Ecalle-Voronin theory. In section [1111 we prove 
the main theorem, moreover we provide a complete system of analytic invariants 
in both the general and the particular rigid cases. We prove the optimality of our 
results in section [TT1 



2. Notations and definitions 

Let Diff(C" , 0) be the group of complex analytic germs of diffeomorphism at 
e C". Consider coordinates (xi, . . . , Xn~i,y) G C". We say that ip G Diff (C", 0) 
is a parameterized diffeomorphism if Xj o ip = Xj for all I < j < n. We denote by 
Diffp(C",0) the group of parameterized diffeomorphisms. Let Difft((C",0) be the 
subgroup of Diff (C",0) of imipotent diffeomorphisms, i.e. ip g Diff„(C",0) if j^(p 
is unipotent. We define 

Diff„p(C", 0) = Diff„(C", 0) n Diffp(C", 0) 

the group of germs of unipotent parameterized diffeomorphisms. The formal com- 
pletions of the previous groups will be denoted with a hat, for instance Diff (C", 0) 
is the formal completion of Diff (C", 0). 

Let Diffi(C,0) be the subgroup of Diff (C,0) of germs whose linear part is the 
identity. We define the set 

Diffpi(C2,0) = {^e Diffp(C2,0) : ^1^=0 e Diff i(C, 0) \ /d}. 

Then Diffpi(C^,0) is the set of one dimensional unfoldings of one dimensional 
tangent to the identity germs of diffeomorphism (excluding the identity). 
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We define a formal vector field X as a derivation of the maximal ideal of the 
ring C[[a;i, . . . , Xn-i, y]]- We also express X in the more conventional form 

n-l 

X^J2 X{xj)d/dxj + X{y)d/dy. 

We consider the set Xn{C",0) of nilpotcnt formal vector fields, i.e. the formal 
vector fields X such that j^X is nilpotent. We denote by A:'(C", 0) the set of germs 
of analytic vector field at G C". 

We denote the rings C{xi, . . . , Xn-i, y} and C[[a;i, . . . , a;„_i, y]] by ??„ and '&„ 
respectively. We denote f ^ g ii f — 0{g) and g — 0{f). 

Let G Diff„p(C",0). Denote by Fix^p the fixed points set of Denote by 
Z(v?) (resp. Z{ip)) the subgroup of Diffp(C",0) (resp. l5iff p(C", 0)) whose elements 
satisfy (J\Fix^ = Id. 

3. The infinitesimal generator 

In this section we associate a formal vector field to every element of Diff „(C", 0). 
The properties of this object can be used to provide a complete system of formal 
invariants for the elements of Diff„p(C", 0) ^HI- Here, we introduce the properties 
that we will use later on. 

Let X e A'(C",0); suppose that X is singular at 0. We denote by exp(tX) the 
fiow of the vector field X, it is the unique solution of the differential equation 

^exp(tX) = X(exp(iX)) 

with initial condition exp(OX) ~ Id. We define the exponential exp(X) of X as 
exp(lX). We can define the exponential operator for X G A7v(C"',0). Moreover 
the definition coincides with the previous one if X is convergent. We define 

exp(i:) : -)?„ ^ i9„ 

The nilpotent character of X implies that the power series eyi'p{X){g) converges 
in the KruU topology for all g G i?„. Moreover, since X is a derivation then 
exp(X) acts like a diffeomorphism, i.e. exp(X)(gig2) = exp(X)(5i)exp(X)((72) for 
all 51,32 G Moreover j^exp(X) — exp(j^J'), thus j^exp(X) is a unipotent 
linear isomorphism. The following proposition is classical. 

Proposition 3.1. The mapping exp : Xf^lC^.Q) Diff „(C",0) is a bijection. 

Consider the inverse mapping log : Diff „(C", 0) 7tI7v(C", 0). We can interpret 
ip G Diff „(C",0) as a linear operator 93 : m — > m where m is the maximal ideal of 
i^n ■ Denote by Q the operator tp — Id, we have 

00 

for all g G The power series in the right hand side converges in the Krull 
topology since Lp is unipotent. Moreover j^{\og(p) = \og{j^(p) is nilpotent and \og(p 
satisfies the Leibnitz rule. We say that log ip is the infinitesimal generator of ip. The 
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exponential mapping has a geometrical nature; next proposition claims that log Lp 
preserves the orbits of (9/9?/ for S Diff tip(C", 0) and also that SingiXogf) — Fixif. 

Proposition 3.2. Let ip G Diff„p(C", 0). Thenlogip is of the formu{yoip—y)d/dy 
for some formal unit {t G 

Proof. Let 9 = ip—Id. We have that log ip is of the form fd/dy since Q{xj) = and 
then Q°'^''^Xj) = for aU j G {1, . . . , n-1} and all fc G N. We have 6(y) = yoLp-y, 
moreover since 

/ \ dg . ^ d^g (yoip — yV 

oy ^ dyi j\ 

we obtain that Q°'^-^\y) G {y o ip — y)m where m is the maximal ideal of ■(?„. Again 
by using the Taylor series expansion we can prove that Q°^^\y) G {y o tp — y)m for 
all j > 2. Thus \og(p = (log (p){y)d/dy is of the form u{y o tp — y)d/dy for some 
u G "dn such that 'u(O) = 1. □ 

Let (p = exp{u{y o ip - y)d/dy) G Diff „p (C" , 0) . We say that a G Diff „p(C", 0) 
is a convergent normal form of tp if log a = u{y op — y)d/dy for some u G and 
yotp> — yoaG{yotp> — y) . The last condition is equivalent to u — u G {y o ip — y). 
If log 9? G ^"(^,0) then we say that ip is analytically trivial. 

Proposition 3.3. Let tp — exp{u{y op — y)d/dy) G Diffup(C", 0). Then p has a 
convergent normal form. 

Proof Lete^p- Id. We have i\ogp){y) = Xl'^i Consider 

the irreducible decomposition /'V . . fl'' gi . . . gq of y o p — y Cz 'dn where Ij > 2 for 
all j G {1, . . . ,p}. Denote f — y o p — y; we define U2 — (ln(l + z)/z) o df/dy. By 
equation n] we obtain that 

i^ogp)iy)/iyop-y)-^l-'J^+^-^Il^ 

We deduce that u — U2 belongs to (51 . . . gp). 

We claim that e°('=)(2/) G (/^+''"^ . . . fl"^'"'^) for aU fc G N. The result is true 
for fc = 1 by equation n Since fjop — fj g (/J) and ho p — h G {y o p — y) for all 

h G we deduce that e°('=)(g) G {f/^''^^) implies Q°^''+^^g) G {f/^''). 

Denote I = max(?i, . . . , ^p) and ui = (Ej=i We have 

that M — ui G (/{i .../p"). The function lii — W2 belongs to the formal ideal 
ifi^ ■ ■ ■ fp" T 91 ■ ■ ■ 5g); by faithful flatness there exist A, i? G ??„ such that 
ui-U2= Af[^ ...fl^ +Bgi...gq. 

We define u = ui — Af\^ . ■ . fp' — U2 + Bgi . . . gq. By construction it is clear that 
u — u belongs to {f[^ . . . fp") (1 {gi . . . gq) and then to [yo p — y). □ 

Let X be a holomorphic vector field defined in a connected domain [/ C C such 
that X ^Q. Consider P G SingX . There exists a unique meromorphic differential 
form w in ?7 such that uj{X) — 0. We denote by Res{X,P) the residue of uj at 
the point P. Given Y = f{x,y)d/dy and a point P = {x°,y^) G SingX such that 
SingX does not contain x—gfwe define Res{X, P) = Res{f{af, y)d/dy, 
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Let (/3 e DifT„p(C", 0). Consider a convergent normal form a of (p. By definition 
Res{(p,P) = Res{loga, P) for P e Fixip. The definition does not depend on 
the choice of a since given another convergent normal form /3 of we have that 
dy/{\oga){y) — dy / {log (}){y) G 'dndy- We denote the function P — > Res{(p,P) 
defined in Fixip by Res{ip). 

4. One variable theory 

We introduce here for the sake of completeness some classical results concerning 
tangent to the identity complex analytic germs of diffeomorphism in one variable. 

4.1. Formal theory. Let if € Difri(C,0) = Difr„(C,0). We define u{(p) the order 
of if as iy{ip) = iy{ifi{y) -y)-l. 

Proposition 4.1. Let (pi,ip2 G Diff i(C, 0) \ {Id}. Then ipi is formally conjugated 
to (p2 if and only if v{ipi) = v{ip2) and Res{(pi) = Res{(p2)- In- such a case if log(pi 
and log <^2 are convergent then ipi and <^2 are analytically conjugated. 

Supposed that <^i,<^2 are formally conjugated by it e f)iff (C,0). Then every 

other formal conjugation can be expressed in the form f o a where f belongs to the 
formal centralizer Z{ip2) of (^2- As a consequence it is interesting to describe the 
structure of Z{(p) for classification purposes. 

Proposition 4.2. Let e Diff i(C, 0) \ {Id}. Then there exists To{ifi) € Diff (C, 0) 
satisfying (9fo(<^)/%)(0) = e^''^/''^'^) and fo(<^)°(''(*')) = Id such that 

Z(<^) = {To{ip)°^''^ o exp(t log(^) for r e Z/{u{ifi)Z) and teC}. 

Moreover Z{ip) is a commutative group. 

We say that To{ip) is the generating symmetry of (p. Let Kr = e'^'>''^'^/^iv) _ 'We 
denote fo(<p)°''"^ o exp(ilog(p) by Z^'''*. The mapping Z^'* i— > {K,t) is a bijection 
from Z{ip) to < e2»'^/''(^) > xC. 

4.2. Topological behavior. Let exp(X) be a convergent normal form oiip ^ Id in 
Diffi(C,0). The vector field X is of the form X = (roe'^oj/''+^ +Ej°li,+2 "jJ/^)^/^?/ 
where u = 1/(93) and ro ^ 0. Consider the blow-up tt : (M+ U {0}) x S"^ ^ given 
by 7r(r, e'^) = re*^. Wc denote by X the strict transform of Re{X), we have 
X = {n*Re{X))/r''. We obtain that 

X = r (roi?e(e*(^^+^'')) + 0(r)) ^ + (roi?e(-ie*('^^+^°)) + 0(r)) ^. 

We define Di{X) = {A € : A'^e^^" = -1} and D_i(X) = {A e §1 : A'^e'^" = 1}. 
We have that tt£'i(^) = tt-D-i(X) = 1/ and S'm5(X|^=o) = ^lil^) U £'_i(X). 
Moreover, since 

X|,=o = (-roj/s(0 - 0i) + o{{e - eif))d/de 

in the neighborhood of e'^'^ € -Ds(X) then the points in Di{X) are attracting points 
for X|r=o whereas the points of D_i(X) are repelling. 

Wc define 77 = -l/irae'^^iyy"), we get = r-^il + 0(r)). Let Ai e i?i(X) 

and consider the set 5(ri, Ai) = [0 < r < n] n [A G Aie(-''^/(^'')'''^/(^'^»]. We obtain 
?7(r, A) e e^-^'^/^'^'^/^Vi'^^or-'') for all (r, A) e ^jn, Ai). Since X{r]) = r-'il + Oir)) 
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then the points in S{ri, Ai) are attracted to (0, Ai) by the positive flow of X for 
ri > smafl enough. Anafogously (0, Ai) is a repefling point for X if Ai G D^i(X). 

The dynamics of </? is a smafl deformation of the dynamics of exp(X). We denote 
D,{ip) = Ds{X) for s e {-1, 1} and D{ip) = U These definitions do 

not depend on the choice of convergent normal form. Suppose that ip and ip°^~^^ 
are hofomorphic in an smafl enough open set [/ 9 0. It is easy to prove that 

V^ = {PeU\ {0} : (P) e f/ Vn e N and hm (P) = (0, A)} 

is an open set for aU A G Ds(f)- A domain for A G Di{(p) is called an attracting 
petal. A domain for A G D-i{(f ) is called a repelling petal. 

We say that y(A, 9) is a sector of direction A G and angle G M"*" if there 
exists /i G M+ such that V{X,9) = Ae*[-^/2,e/2] Wc say that W{X,e) is a 

sectorial domain of direction A G and angle 6 G M"*" if it contains a sector of 
direction A and angle 9' for all 9' G (0, 9). 

The next proposition is a consequence of the previous discussion. 

Proposition 4.3. Let ip G Diff i (C, 0) . Fix a domain a domain of definition G U. 

We have 

• is a sectorial domain of direction A and angle 2Tr/v{(p) for all A G D{(p). 

• {0}UL)x^u(^^')V^ is a neighborhood ofO. 

• V^"nV^^ = i/Ai ^ {e-W-('P)Ao,Ao,eW-('^)Ao}. 

• n V^^ is a sectorial domain of direction Xqc^^ ^ ^'^'^^'^^^ and angle 7r/u{ip) 
for Ai = e*'^/''('^)Ao. 

4.3. Analytic properties. Next, we describe the analytic invariants of elements 
of G Diffi(C,0). Choose a convergent normal form a G Diffi(C,0) of ip. Con- 
sider the equation (loga)(V-'Q:) = 1- A holomorphic solution V-'a is called a Fatou 
coordinate of a or also an integral of the time form (or dual form) of log a. The 
function tjja is unique up to an additive constant. Indeed tpa is of the form 

-1 1 / °° \ 

where (p = y + a^(^)+i2/''('^)+i + 0(y'^('^)+2). Let A G D{>p); we say that G ^{V^) 
is a Fatou coordinate of (p in iir]0(p = r]+l and r] — tpa is bounded. Clearly 
the definition does not depend on the choice of a. 

Proposition 4.4. Let p G Diffi(C,0). Consider a convergent norm,a,l form a of 
tp and a direction A G D{p). Then there exists a unique Fatou coordinate of p 
in such that lim^^olV'^ — i^a){y) = ^ in every sector of direction A and angle 
lesser than 2'K/v{ip) contained in V^. Moreover tp^ is infective. 

We can provide a formula for ?/;^- We define A = ipa ° P — {i'a + !)• By Taylor's 
formifla we obtain A ^ {p{y) ~ ct{y))dtpa/dy and then A G C{y} n {y'^'^'*'^^^). Since 
{ip^ — ipa) — (V'^ — tpa) ° 'P = A we can obtain tp^ — tpa as a, telescopic sum. More 
precisely let tp^ G be a Fatou coordinate of a. We have 

oc oo 

V'^ = V'a + E ^ ° and = v^; - E ^ ° 

3=0 j=l 
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for A e Di{(p) and A G D-i{if) respectively. 

Let Lp e Diff i(C,0) with convergent normal form a. Denote v ~ v{'^). Consider 
that V'a € ^{V^) is chosen for all A G D{(p). We define 

for A G D{ip). The dynamics of Lp in every is 2 i— > 2; + 1 in the coordinate 
V'^- Then is the change of chart which allow to glue two z ^ z + 1 models 
corresponding to consecutive petals. In particular we have o (z + 1) = + 1 

for aU A G D{ip). Fix Aq G D{lp) and '4>l° . Denote \j = X^e'''^'''. There are several 
possible definitions for ■ We consider homogeneous coordinates^ supposed if^a' 
is defined we extend it to Vip^ U Vip^^^ by analytic continuation. Then we define 
■0^'+^ = V'q^ ~ ■KiRes{Lp) / v. Let us remark that V'^" = V'^^"- The definition of 
depends on the choice of 1}}^° . If we replace -00° with ijj^^ + K for some iiT G C then 
becomes (z + A') o o (z — iiT) for all A G D{ip). Denote = —'KiRes[ip) / v{ip) . 

Proposition 4.5. Let Lp G Diffi(C,0) with convergent normal form a. Consider 
A G Ds{lp). Then there exists C G M"^ such that 

• is defined in simgz < — C and o (z + 1) = (z + 1) o 

• lim|7mg(z)|^oo - z = Cv 

• = ^ + + E,°li ^.e-^'^^^^'^ /or some ^^l, a^^w^ G C{u;}. 

All the possible changes of charts can be realized. 

Proposition 4.6. ^ ^ Let Y e Xn(C,0). Consider Ej^IiOAjU'^ G C{w;} /or 
A G £'cxp(y)- There exists Lp G Diffi(C,0) wzi/i convergent normal form exp(l") 
such that^^ = z + Cv+Ej°liaAje-2'^*''^^ /or all X e Ds{exp{Y)) and s e {-1,1}. 

4.4. Analytic classification. Suppose that (pi,Lp2 are formally conjugated. Let 
aj be a convergent normal form of (pj. Then ai and a2 are analytically conjugated 
by some h G Diff (C, 0) by proposition 14. II Up to replace Lp2 with h°'^~^^ o(p2ohwe 
can suppose that Lpi and Lp2 have common normal form ai = 0L2 and in particular 
Vi(z/) ~ ^2{y) & Indeed (/5i and </32 have common convergent normal 

form if and only if J^(<y9i) = i-'i'P2) and Lpi{y) — Lp2{y) G (y2(''(<pi)+i))^ 

Let Lpi,ip2 G Diffi(C,0) with common convergent normal form a. There exists 
o'(</?i, </52) G Diff (C, 0) conjugating ipi and (/32 such that a{ipi,ip2){y)—y G (y''^'^''''^). 
Moreover a{Lpi^ ip2) is unique. We say that ^(ipi, (^2) is the privileged formal con- 
jugation . Choose Ao G D{lpi) = D{ip2) and The next couple of propositions 
are a consequence of Ecalle's theory. We always use homogeneous coordinates. 

Proposition 4.7. Let Lpi,tp2 G Diffi(C,0) with common convergent normal form 
a. Then for all X G D{Lpi) there exists a unique holomorphic a\ : V^^ — > V^^ conju- 
gating Lpi and Lp2 and such that o'((y9i, Lp2) is a v[Lpi)-Cevrey asymptotic development 
of ax in V^_^. Moreover we have a\ — (^'^2)°'" ° ^^i' 

The expression a\ : V^_^ V^^ implies an abuse of notation. Rigorously V^^ and 
can be replaced by sectorial domains W^_^ and W^^ of direction A and angle 
27r/i/((^i) and such that a\ : W^_^ ^ biholomorphism. For simplicity we 

keep this kind of notation throughout this section. 

The elements of the centralizer Z{lp) of ip £ Diffi(C,0) can be realized in the 
sectorial domains for every A G D^. 
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Proposition 4.8. Let ip G DifFi(C,0) with convergent normal form a. Consider 
an element Z^'* of Z((p). Then for all X G D^p there exists a unique holomorphic 
T\ : — > such that ip o t\ — t\ o ip and Z^'* is a v{tf)-Gevrey asymptotic 

development of tx in . Moreover we have t\ = 0^^'^)°^ o (ip^ + t). 
We can combine propositions 14.71 and 14.81 to obtain: 

Proposition 4.9. Let ipi,ip2 G DifFi(C,0) with common convergent normal form 
a. Consider {K,t) £< e^i-^/t'ivi) > xC. Then for all A S D^p^ there exists 
a unique holomorphic ct^'* ; V^_^ ~> V^^^ conjugating ipi and ip2 and such that 
^!p2 ° '^{^i^V^) is a v{ipi)-Cevrey asymptotic development of a"^'* in V^_^. More- 
over cr^'* = (V'^a ° ^^vi ^ ^) homogeneous coordinates. 

By uniqueness of the i^(93i)-Gevrey sum in sectors of angle greater than -k /^{ipi) 
we deduce that Z^j,* o (t((/3i, </J2) is analytic if and only if cr^' = cr'x^i-„/„{^^) in 

^ V^f for all A e Z?^!- These conditions can be expressed in terms of 
the changes of charts. 

Proposition 4.10. Let ipi, ip2 £ Diff i(C, 0) with common convergent normal form. 
Then (pi, (p2 o-fe analytically conjugated if and only if there exists k £< ^'<-'^l^{v\) > 
and t G C such that 

(2) e^Xz + t)^(z + t)oe^^ VAeI?(^i). 

Indeed the equation\^is equivalent to Z^j^* o a{(pi, 1P2) G Diff (C,0). 

We can find references where it is claimed that given (pi,p2 G Diffi(C,0) an- 
alytically conjugated and with common normal form then the conjugation can be 
chosen of the form y + 0(?/'"('^i'+2). That is equivalent to a{(pi, ip2) G Diff (C, 0). 
This false statement is obtained by neglecting the role of the centralizer in the 
analytic conjugation. A clarifying reference can be found in |18j . 

Remark 4.1. Let A e Ds{ipi). The condition £,!^'^{z + t) = (z + t)o£^^_^ is equivalent 
to all .e-^'^^^J* = al\ for all j £ N. 

Remark 4.2. Let Lp £ Diffi(C,0) with convergent normal form a. Then \ogip 
belongs to X('C,{)) if and only if ip ^ a (prop. Therefore \ogip £ A'fCjOj if 

and only if af^ ■ — for all A £ D{ip) and all j £ N. 

5. Formal conjugation 

Part of this paper is devoted to explain the relations among formal conjuga- 
tions, analytic conjugations and the centralizer when dealing with elements of 
Diffpi(C^, 0). In this section we study the formal properties of the diffeomorphisms. 

5.1. Formal invariants. Let (pi,p2 G Diffpi(C'^, 0). Suppose that there exists 
a £ Diff (C^, 0) such that a o ipi ^ ip2 o a. We want to express a as a composition 
CTi o CT2 such that the action of a on the formal invariants of ipi is the same action 
induced by (T2- Moreover identifying a possible (T2 is much simpler than finding a. 

The property a o ipi — ip2 a implies that a conjugates convergent normal forms 
of ipi and (p2. We obtain: 

Proposition 5.1. Let(pi,ip2 £ Diff pi (C^, 0). Suppose that (pi and ip2 are analyti- 
cally conjugated by a £ Diff (C^ , 0) . Then 
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• [(y ° ^2 — y) ° cr]/{y o (fii — y) is a unit. 

• Res{ipi, P) = Res{^2, <y{P)) for all P G Fixipi . 



Remark 5.1. The residue functions are formal invariants but for us it is 
enough to know that they are analytic invariants. 

We denote T{Fixipi) = Fixip2 if [{y ° f2 — y) o t] / {y o ipi — y) is a unit for some 
T £ Diff (C^,0). In particular Fixtpi — Fixip2 means that Id{Fix(pi) = Fixtp2- 

Consider t £ Diff (C^,0) holding the two conditions in prop. 15.11 By replacing 
(/32 with r°("^) o (p2 o T we can suppose Fix(pi = Fixip2 and Res{(pi) = Res{(p2). 
Thus we consider from now on analytic (resp. formal) conjugations a satisfying the 
natural normalizing conditions xoa = x and yoa — y G I{Fix(pi) where I{Fixipi) is 
the ideal of Fixipi; if such a conjugation exists we denote ipi ~ ip2 (resp. ipi ~ V'2)- 

We denote Xpi{C^,0) = {X € X{C^,0) : exp(X) G Diffpi(C2, 0)} In particular 
exp(A'pi(C^,0)) is the subset of DifFpi(C^,0) of convergent normal forms. 

Proposition 5.2. Let ai,a2 G Diffpi(C^,0) such that logaj G Xpi(C'^,0) for 
j G {1, 2}. Suppose that Fixai = Fixa2 and Res{ai) = Res(a2). Then ai ~ 012. 

Lemma 5.1. Let f G C{x^y} such that f(0,y) ^ 0. Consider A G <C{x,y} such 
that {A{xo,y)/ f{xQ,y))dy has vanishing residues for all xq in a neighborhood ofO. 
Then there exists a germ of meromorphic function fi such that dp/dy = A/ f and 
/3/G V7cC{a;,y}. 

Proof. Let P = (0, yo) ^ (0, 0) be a point close to the origin. Since f{P) ^ there 
exists a unique holomorphic solution /3 defined in the neighborhood of P such that 
d(3/dy = A/f and f3{x, yo) = 0. The residues vanish, then we extend (3 by analytic 
continuation to obtain f3 G i?(C/ \ (/ = 0)) for some neighborhood U of (0, 0). 

Consider Q G (C/\{(0, 0)})n (/ — 0). Up to a change of coordinates {x,y + h{x)) 
we can suppose that / = v(x, y)y^ in the neighborhood of Q where y{Q) = ^ v(Q) 
and r G N. The form (A/ f)dy is of the form {^_i^j^_^Cj{x)y^)dy. Then (3 
is of the form X]o5^j>-(r-i) + Pq{^) for some /3q holomorphic in a 
neighborhood of Q. As a consequence f3f is holomorphic and vanishes at / = in a 
neighborhood of Q. Hence (3f belongs to {(0, 0)}) and then to ^{U) since we 

can remove codimension 2 singularities. Clearly we have /?/ G /(/ = 0) = \/J. □ 

Proof of vrovosition U>~^ There exists / G C{x,y} such that logofj — Ujfd/dy for 
some unit uj G C{x,y} and all j G {1,2}. Let us use the path method (see ^H] 
and Hg). We define 

V _ f ^ _ UiU2f d 



dy zui + (1 — z)u2 dy 

We have that Xi+^ e Xpi{C^,0) for all z G C\{c} where c = U2(0)/(u2(0)-ui(0)). 
Moreover SingXi^^ and Res{Xi^z) do not depend on z. It is enough to prove 
logai ^ logQ;2 for c ^ [0, 1]. If c G [0, 1] we define 

yi ^ uiui+if d ^2 ^ ui+^U2f d 

zui + (1 — z)ui+i dy zui+i + (1 — z)u2 dy 

Since iii+i(0)/(wi+i(0) — lii(O)) and W2(0)/(m2(0) — Mi+i(0)) do not belong to [0,1] 
then we obtain by composition a diffeomorphism conjugating ai and a2. 

Suppose c ^ [0, 1] . We look for 1^ G ^'(C^, 0) of the form /i(x, y, z)fd/dy + d/dz 
such that [M^, = 0. We ask hf to be holomorphic in a connected domain 
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V X V' d C'^ X C containing {(0,0)} x [0,1]. We also require hf to vanish at 
(/ = 0) X V' . Supposed that such a W exists then exp(W^)|^^g is a difFeomorphism 
conjugating logai and loga2- The equation [W, Xi+z] = is equivalent to 

Mhf) , d{m+j) d{u,+j) 

ui+zj^ hj ^ = ^ • 

oy ay az 

By simplifying we obtain 

dh dui+z _ dui+^ d{h/ui+^) I 1 
'^i+z/t; iT-J — 7, — — — — ^ 5 — — 7 7- 

oy oy oz Oy uii U2i 

Let /? be a solution of 8(5 /dy — — 1/(^2/) such that /3/ G ^/J . Since 

(1/(mi/) — \/{u2f))dy has vanishing residues by hypothesis then such a solution 
exists by lemma |0] We are done by defining h — ui+z(3. □ 

Suppose Fixipi — Fixip2 sj^d Res{ipi) = i?es((y92 ) for some (^1, (^32 € Diffpi(C'^, 0). 
Proposition 15.21 implies that up to replace ip2 with t°^~^^ o ip2 ° t for some r in 
Diffp(C^, 0) we can suppose that Lpi and ip2 have common convergent normal form. 

Proposition 5.3. Letipi,(p2 G Diffpi(C^,0) with common convergent normal form 
a. Let f G C{x,y} such that {y o ipi — y)/f is a unit and denote uj — (logipj){y)/ f 
for j G {1,2}. Then ipi ^ ip2 by 

- - \def /a U1U2 f 9 , ^\ 

t(/J, ui, U2) = exp (i— — — — / + ^ 

V zui + [l~z)u2 oy ozJ^^^Q 

where [3 can he any solution of dj3/dy — l/(ui/) — 1/(7/2/) in C[[x^y\]. 

Proof. We have that l/{uif) — l/{u2f) € C[[x, y]] since (pi and ip2 have convergent 
common normal form. Let (ik € C{x,?/} such that P — /3k € {x,y) ■ We choose 
wi,fc e C{x,y} such that iti — ui^k G {f){x,y) ; this is possible by proposition 13. 31 
We define U2,k G C{x,2/} \ {x,y) such that dPk/dy = l/(ui,fe/) - l/(u2,fc/). Now 
exp{ui^kfd/dy) and exp{u2,kfd/dy) are formally conjugated by T{f3k,ui^k,U2,k) 
(prop. 15.2(1 . We obtain Uj^k Uj and T{l3k,ui^k,U2,k) f, the limits considered 
in the KruU topology. Thus t(/3, ui, U2) conjugates ipi and (^2- D 

5.2. Formal centralizer. Let G Diff pi (C^, 0). Next, we study the groups Z{lp) 
and Zup{ip) = {(7 G Diff „p(C^, 0) : a o ip = cp o a}. We say that Fixip is of trivial 
type if I{Fix(p) is of the form (/) for some / G C{a;, y} such that {df/dy){0, 0) ^ 0. 

Lemma 5.2. Let ip G Diffpi(C^, 0). Then Zup{ip) is a commutative group given by 

Zupi'p) — {exp(c(a;) log 1^) for some c{x) G C[[x]]}. 

Moreover we have Z{ip) = Zup{(p) if Fixip is not of trivial type. 

Proof. We have that f G Z^pi^p) is equivalent to [log (/?, log f] = 0. Thus logf is 
of the form {logf) (y)d/dy by the same arguments than in the proof of proposition 
13.21 Hence [log logf] = is equivalent to d {{log ip){y)/ {log T){y))/dy = 0. Since 
{logip){0,y) ^ then logf = c{x)log(p for some c{x) G C[[a;]]. This implies 
Zup{(p) C Z{ip), we always have Z{ip) C Zup{(p) in the non-trivial type case. □ 

We define the order i'{(p) oi ip £ Diff pi(C^, 0) as the order of (p\x=o G Diff i(C, 0). 
We define iy{X) = z^(exp(X)) = i'{X{y){0,y)) - 1 for X G Xpi{C'^,0). 
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Lemma 5.3. Let ip G Diffpi(C^, 0). Suppose that Fix^p is of trivial type. Then 

Z{ip) — {fo{ip)°^^'^ o exp(c(a::) \og(p) for some r e Z/(t^((p)Z) and c{x) G C[[a;]]} 

whereTo{(p) e l5iffp(C2,0) is periodic and {d{yoTo {(p))/dy) {0,0) = e^'^'/^'^'^h More- 
over Z{(f) is a commutative group. 

We say that To{ip) is the generating symmetry of We denote exp(c(a;) log 93) 
by Z^'^ whereas we denote To(iy9)°'''"-* o exp(c(a;) log 93) by Z'^'^ where n — e^^*''/'^('^). 

Proof. Let u — v{Lpi). Up to a change of coordinates (x, h{x,y)) we can suppose 
Fixf — [y"^^ = 0]. By propositions 15 . 31 and 15 . 21 we obtain ip exp(X) where 

l + y''Res{ip,{x,0)) dy' 

We can suppose if = exp(X). Denote tq = {x, e^^^^^y). We remark that TqX = X. 
Given f S Z{ex^{X)) there exists r G Z such that (tq*- ^^t)\x=o is tangent to the 
identity (prop. 14.2(1 . Hence we get f = Tq*-'^'' o exp(c(x)X) for some c{x) G C[[x]] by 
lemma Moreover Z(exp(X)) is commutative since t*^X ^ X . □ 

Let X G A'pi (C^ , 0) . We denote by SingyX the set of irreducible components of 
SingX which are parameterized by x. Consider 7 G SingyX; we denote by vxij) 
the only element of N U {0} such that X{y) G /(7)''^(t)+i \ /(7)''^('>')+2. 

Proposition 5.4. Let Lpi,Lp2 G Diff pi (C^, 0) with common normal form exp(X). 
Consider 7 G SingyX. Then ipi ^ ip2 by 0, unique a{ipi,ip2il) & Diff (C^,0) such 
that y o (^2, 7) -ye /(7)''^^'''+^. 

By definition the transformation a{Lpi, (^2, 7) is the privileged formal conjugation 
between ipi and (/32 with respect to 7. 

Proof. There exists a unique solution /3 of d$/dy = l/{logipi){y) — l/(log(^2)(y) 
such that /?|^ = 0. The formula in proposition 15 .31 provides (7((^i, (^2, 7) = t conju- 
gating ipi and (p2 and such that y o a{ipi, ip2,"/) — y & 1(7)'^^*^''''+^. 

Suppose (t((/3i, (/?2, 7) is not unique. Thus we have y oh — y G 7(7)''^ for 
some h G .^iip(<i5i) \ {Id}. By lemma the transformation h is of the form Z}^'^ 
for some c G C[[a::]]. Since (log^)(?/) belongs to /(7)''x(')')+2 then c = and h = Id. 
We obtain a contradiction. □ 

5.3. Unfolding of diffeomorphisms y e'^^v/qy ^ 0{y^). Consider the sets 
Diffpr^(C2,0) = {<y9 G Diffp(C2,0) : jV|^=o is periodic} 

and 

Diffpr(C^,0) — {if ^ Diffp(C^,0) : j^(p|a;=o is periodic but 'p\x=o is not periodic}. 

Given tp G Diffprs(C^, 0) we denote by q{ip) the smallest element of N such that 
(9^3/5?/) (0,0)«(^) = 1. Clearly p G Diffp^(C2,0) implies ip°(i(v)) (= Diff pi (C^, 0). 
In this paper we classify analytically the elements of Diffpi(C^, 0). We obtain for 
free a complete system of analytic invariants for the elements of Diffpr(C^, 0). In 
this subsection conjugations are not supposed to be normalized. 
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Proposition 5.5. Let ipi,(p2 G Diffprs(C^, 0). Then (pi, ip2 are analytically con- 
jugated if and only if {dipi/dy){0,0) = (5^-2 /^y) (0, 0) and cpl^''^'^'^\ cpl^"^'^'^^ are 
analytically conjugated. 

Proof. The sufficient condition is obvious. Every ip S Diff „(C", 0) admits a unique 
formal Jordan decomposition ip = (fgOLp^ = (puO(ps in semisimple cps E Diff (C", 0) 
and unipotent (pu G DifF„(C",0) parts. Semisimple is equivalent to formally lin- 
earizable. The decomposition is compatible with the filtration in the space of 
jets, i.e. j'^ip = j'^C implies j''(ps = j'^Cs and j'^'Pu = j'^Cu- Moreover we have 
'Ps,(Pu& Diffp(C",0) for all tp G Diffp(C",0). 

Denote q = q{'p>i) and v = {d(pi/dy){0,0), we can suppose v ^ 1. Suppose 
j^o(9) ^ This implies P2^'''' = Id. Denote by rjk the unipotent diffeomorphism 
q^^ X]|=o(^i^y)° ° ^°k'''' ■ By construction rjk o cpi^ = {x,vy) o r]k for k € {1,2}. 
The diffeomorphism r]2^ o rji conjugates (pi and ip2. 

Suppose ifl'"'^^ ^ Id. We have that j^^Pk is conjugated to {x,vy) by a linear 
isomorphism and then semisimple for k £ {1,2}. Thus we obtain j^(pk,s = j^'Pk, 
moreover since (pk.s is formally lincarizable then ip^^g^ = Id for k G {1,2}. We 
deduce that (pl'^"^ = p>l[l^ for fc e {1, 2}. We obtain log</7fc,„ ^ for all /c e {1, 2}. 

Let <j G Diff (C-^,0) conjugating (p'^'"'^^ and <P2*'''^ it also conjugates qlogtpi^u and 
qlog(p2,u by uniqueness of the infinitesimal generator and then a o ipx,u = ^2,u ° f • 
Denote X] = cr°'^~^^ °'P2,s ° cr- We claim that 971, « = rj, this implies that a conjugates 
ipi and ip2. Denote p = 77°^"^^ o ipi^g. We have x o p = x and {dp/dy){0,0) = 1. 
As a consequence p is unipotent. Since both rj and pi^s commute with (pi^u then 
P°Pi.u = Pi.u°P- Wc deduce that [logp, log = 0. Since (logp)(.T) = then we 
obtain logp = {c{x) / x"^) log pi^u for some c G C[[x]] and m G Z>o. The equations 
X Of] = X and 77* log(pi,„ = logtpi^u imply that rj commutes with p. This leads us 
to = Id. In particular c is identically 0, we obtain 7] = <p\^s- D 

6. Dynamics of the real flow of a normal form 

Let p G Diffpi(C-^,0) with convergent normal form exp(X). Our goal is split- 
ting a domain \y\ < e in several sets in which the dynamics of ip is simpler to 
analyze. Afterwards we intend to analyze the sectors in the parameter space in 
which Re{XX) (A G §^ \ {— 1, 1}) has a stable behavior. The stability will provide 
well-behaved transversals to Re{X). Such transversals are the base to construct 
Fatou coordinates of p for all a; in a neighborhood of 0. 

Consider the function 

ag^j^: B{0,S) x dB{0,e) 

{x,y) ^ {X{y)/y)/\X{y)/y\. 

By lifting agx to R = §^ we obtain a mapping argx '■ -8(0, 5) x M — > R such that 

g2frie Q arg^ix, 9) = ag^ix, ee^^*^). It is easy to prove that {darg^ /d6){0, 9) tends 
uniformly to v{X) when e ^ 0. By continuity we obtain that darg^jdd is very 
close to v{X) for < e << 1 and < ^(e) << 1. 

Let X G A'pi(C2,0) and fix < e << 1. We define the set T%^{xq) of tan- 
gent points between Re{X)^y;^r^^^ and dB{0,e) for xq G 5(0, (5(e)). Denote the set 
UxeB(o,5){^} ^ "^xi^) by T^. We say that a point yo € TJ(a;o) is convex if the germ 
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of trajectory of Re{X)^x=xo passing through yo is contained in B{0, e). Next lemma 
is a consequence of darg^/dO i^{X) and T^^i^o) = (^dxi^Oj y)°^~^^ {—i/ ^} ■ 

Lemma 6.1. Let X e Xpi(C'^,0). There exist eo > and do : (0,eo) M+ 

such that T^^{xo) is composed of 2v[X) convex points for all \ £ , < e < eo 
and xo G B(0,5o{t)). Moreover, each connected component of dB{0,e) \ T^x{xo) 
contains a unique point ofT^xi^o) for all n gS^ \ {—A, A}. 

Remark 6.1. Fix A G S^. We have T^xi^) = {Txxi^)^ ■ ■ ■ ^Tl'x''^\x)} for all 
X e B{0, So{e)) where T^^ : B{0, 6o{e)) T| is continuous for all l<j< 2u{X). 

6.1. Splitting the dynamics. For simpHcity we consider A4pi(C^,0) C A'pi(C^,0) 

and Diff tpi (C^, 0) C Diff pi (C^, 0) whose elements satisfy that their singular or fixed 
points sets respectively are union of smooth curves transversal to d/dy. For all 
(fi e Difrpi(C2,0) there exists k e Nsuchthat {x^/'',y)oipo{x'',y) e Diff tpl(C^ 0). 

Let X G A'fpi(C^, 0). We define Tq = (|y| < e). Suppose that we have a sequence 
= 00 ■ ■ ■ f3k where /3 G {0} x C*^ and fc > and a set Tjs = {\t\ < rf) in coordinates 
{x, t) canonically associated to T^. The coordinates (a;, y) are canonically associated 
to Tq. Suppose also that 

X = x'^^v{x,t){t - -fi{x)y' ...{t- ^p{x)y^d/dt 

where 71 (0) = . . . = 7p(0) = and {v ^ 0)nTfj = 0. Denote i/(/3) = si + . . . + Sp - 1 
and iV(/3) = p. Define X^^e = {X{t)/x'^P)d/dt. Denote by TE^-^{r,X) the set of 
tangent points between Re{X''''^ ^Xis^E)\x=r\ and 1*1 = V for •^i A*) G I^>o x §^ x S^. 
If N{l3) = 1 then we define Ef3 = Tp, we do not split T^. We denote Ejs = [\t\ < rj\. 

Suppose N{P) > 1. Denote 3/3 = {{d-fi/dx){0), . . . , {d"/p/dx){0)}. We define 
t = xw and the sets E/) = r\ [\t\ > \x\p] and = < p) for some p » 0. 
We denote Ej3 = [p\x\ < \t\ < rj]. We have 

X = x'^P+'^+-+''>-'^v{x, xw){w - -fi{x)/xy' ...{w- -ip{x)/xY''d/dw 

in Mjj, we define m/3 = dp + v{0) and the polynomial vector field 

X0{X) = A™'3?;(0,0)(«; - {d-fi/dx){0)y' ...{w- {d^p/dx){0)y''d/dw 

for A G We define Ifs = {\w\ < p)\ U^es^(|w - CI < ^(0) where r(C) > 
is small enough for all ( G Sp. We define Xp,M = {X{w)/x'^'^)d/dw, we denote 
by TI^x{r,X) the set of tangent points between _Re(A'"'3/xX^^M)|x=rA and \w\ = p. 
Finally we define Ip = (|w| < p) \ U^eS^(|w - CI < riQ). 

Fix ( G S/j. We define = m^. Consider the coordinate t' = w — (. We 
denote T^f = < r(C)). We have 

X = x'^p'^h{x,t') W {t' -{-fj{x)/x-C)y'd/dw. 

{d'l,/dx){0)=C 

Every set Mfj with /? ^ is called a magnifying glass set. The sets Efj are called 
exterior sets whereas the sets I/} are called intermediate sets. 

In the previous paragraph we introduced a method to divide \y\ < e in a union 
of exterior and intermediate sets. 

Example: Consider X = y{y — x^){y — x)d/dy. We have 



{\y\ < e) = iJo U /o U Eoi U Eqo U Iqo U Eqoo U Eool 
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We have ^o(l) — wf{wi~l)d/dwi and Xoq{1) — —W2{w2~l)d / dw2 where y = xwi 
and y — x'^W2- We also get mo = 2 and toqo — 3. 

Lemma 6.2. Let X £ Xtpi (C"^ ,0) and an exterior set Ep — [r/ > \t\ > p\x\] 
associated to X with < 77 << 1. Then TE^"^(r,X) is composed of 2v{j3) convex 
points for all (A,/i) € x §^ and r close to 0. Each connected component of 
[\'^\ ~ ^] \ ^) contains a unique point of TE^;^{r, A) V/i' G §^ \ {—11, n}. 

Lemma 6.3. Let X e Xtpi(C'^,0) and a magnifying glass set Mp — [|w| < p] 
associated to X with p » 0. Then TL^'^{r, A) is composed of2v{j3) convex points 
for all (A, /i) e X §^ and r close to 0. Moreover each connected component of 
\\w\ = p]\TL^^{r, A) contains a unique point ofTL^i'^{r, A) for all p' E §^\{—p, p}. 

Lemma 16.21 is the analogue of lemma I^TI for exterior sets. Lemma l6.3l is deduced 
from the polynomial character of since darg'^^^^-^s^/dO ~ i'(/3) when p — > 00. 

Let X G X{€.^\ 0). Consider a set F C C" contained in the domain of definition 
of X. Denote by F the interior of F. We define It{X, P, F) the maximal interval 
where exp{zX){P) is well-defined and belongs to F for all z G It{X, P, F) whereas 
exj){zX){P) belongs to F for all z 7^ in the interior of Lt{X, P, F). We define 

dLt{X, P, F) = {mf{It{X, P, F)),sup{Lt{X, P, F))} C K U {-00, 00}. 

We denote r{X,P,F) = exp(/t(X, P, 

We will consider coordinates {x,y) € C x C or (r, A, y) G K>o x §^ x C in C^. 
Given a set F C we denote by F{xo) the set F O [x = xq] and by F{rQ, Aq) the 
set F n [(r, A) = (tq, Aq)]. In the next subsections we analyze the dynamics in the 
exterior and intermediate sets. 

6.2. Parabolic exterior sets. Let X G Xtpi{C^ ,0)- Suppose we have 

X = x''''vix,t){t~-/i{x)Y^ ...{t--ip{x)Y''dldt 

in some exterior set Ep — [77 > \t\ > \x\p] for some p > 0. We say that Ep is 
parabolic if si + . . . + Sp > 2. In particular Eq is always parabolic since iy{X) > 1. 

Lemma 6.4. Let X G Xtpi fC^, 0) and a parabolic exterior set Ep — < rj\ asso- 
ciated to X with < 77 << 1. Consider p E and to G TE^'^{r^ A). Then we have 
It{p\'^i'Xp^E-,{r,\,to),[\t\ < 77]) = M anrf lim3gKj2|^ooexp(z/xA''fX^,£;)(rA,to) is 
the point in Ep{r, A) n SingXp^E- 

Proof. Consider 770 > such that TE'^'^^r, X) is composed of 2v{l3) convex points 
for all < 7/ < r?o, (r, A) G [0, (5(77)) x and p G §^ 

Fix < 77 < 770, A* e §1 and (r, A) G [0, 5(ri)) x §1. Denote Y = [pX'^^ Xp,E)x=r\- 
We have that SingY is a point t = 70. Let Y be the strict transform of Re{Y) by the 
blow-up TT : (R+U{0}) xS"'^ ^ C of t = 70 given by tt{s, 7) = 57+79. We consider the 
set S C TT^^[\t\ < r]]\SingY of points (5,7) such that Lt{Y, (s,7), [\t\ < 77]) = M and 
lim^^ioo exp(zF)(s,7) G SingY. By the discussion in subsection 14. 21 the set 5 has 
exactly 2v{j3) connected components. More precisely every connected component 
of 5 contains exactly an arc {0} x e.^^s,i{e+^ /v{m ^ singY. 

Consider a connected component C of S. We have Lt{Y,to, [\t\ < 77 -I- c]) = R 
for all to G dC and c G M^. By Poincare-Bendixon's theorem the a and ui limits 
of to by Re(Y) are either 70 or a cycle enclosing 70 since the points in SingY 
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are either attracting or repelling. The second possibility is excluded by Cartan's 
lemma. We deduce that there exists tc E [\t\ = ri]ndC. Clearly tc £ C implies that 
tc G TE'^'^{r,X) and that exp{zY){tc) belongs to < 77] for aU zGR. Moreover 
we obtain Hm^^^^a^ e'xp{zY)(tc) = (a;o,7o)- The number of connected components 
of S coincides with 'iTE'^'^{r, X). We deduce that exp{zY){tc) G [\t\ < rj] for aU 
2: G M \ {0} since Ci n C2 for different connected components of S. □ 

Proposition 6.1. Let X G Xtpi('C'^,0) and let Ep — [i] > \t\ > p\x\] be a parabolic 
exterior set associated to X . Consider G TE^'^{r, A) and E E>^ . Then we have 

lim exp{zfiX''''Xf,^E){r, X, to) G {dEp U StngXp^s) \ M = v] 
forcedIt{^X''^X0,EAr,Kto),E0). 

Proof. If N{P) ~ 1 the result is true by lemma Suppose N{P) > 1. Consider 
770 > and po > such that TE^^-^{r,X) and Tlj^}^{r,X) are both composed of 
2i^(/3) convex points for all < < 770, p > po, {r, A) G [0, S{r], p)) x §^ and p G S^. 

Fix < 77 < 770 and p > po. We can suppose that rA ^ since otherwise the 
proof is analogous to the proof in lemma 

Fix (r,A) e {0,6{t],p)) x §1 and p G §^ Consider a point ti G TI^-^{r,X). 
There exists exactly one connected component Hg of [|?7;| = p] \ Tlj^^{r, X) such 
that ti £ Hs and Re{spX) points towards |7i'| < p for s G { — 1, !}■ We define 
S{ti) as the set of points t in Ei3{rX) such that there exists c_i(t),ci(i) G M+ 
satisfying that exp((— c_i, ci)pX){rX^ t) is well-defined and contained in Ep whereas 
exp{sc,pX){rX,t) G for s G {-1, 1}. Clearly S{ti) ^ since ti G S{ti). 

Like in lemma lOl there exists a unique to G S{ti)f\TE^'^{r, A). We deduce that 
It — It{pX, {rX, to), Ep) is compact. Moreover we have 

exp{hipX'^^Xp,E){rX,to) G H-i and cxp(/ispA'*f'X/5,_E)(rA, to) G Hi 

where It = [hi /r'^f' , hs /r'^f]. Since 'iTE'^-;^{r, X) = ^,Tljl^{r, A) we are done. □ 

Let X G A'tpi(C^, 0). We define SC^'^{r, X) the set of connected components of 

{Ep{r, X) \ SingXf3,E) \ U^^^^.j^^^^^TipX^^' Xp,E, {r, A, t), Ep). 

The behavior of the trajectories passing through tangent points characterizes the 
dynamics of Re{pX) in a parabolic exterior set. It is a topological product. The 
next results are a consequence of this fact. 

Proposition 6.2. Let X G Xtpi('C^,0) and let Ep = [77 > |t| > p\x\] be a parabolic 
exterior set associated to X . Consider to G Ep{r, A) and p G Then we have 

lim exp(zpA''f X/3,£;)(r, A, to) G dEp U SingXp^E 
for c G dltipX'^f'Xp^E, (r, X,to),Ep). 

Proof. Let C G SC'^'^{r, A). Consider the set Lc of points in C satisfying the result 

in the proposition. It is enough to prove that C — Lc for all C G SC^'^{r, A). 

The points in C in the neighborhood of points in TE^'J^{r, X) are contained in Lc 
by proDOsition lfi . 1 1 and continuity of the flow. We have that C is a simply connected 
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open set such that CD SingXp^E — 0- Moreover every trajectory of Re{^\'^f^ Xi3,e) 
contained in Ep and intersecting the set TE^'^{r, A) U Tlj^'^{r, A) is disjoint from 
C. Thus the set Lc is open and closed in C and then Lc — C. □ 

The next result can be proved like proposition 16. 21 it is true in the neighborhood 
of the tangent points by lemma 16.41 and it defines an open and closed property in 
connected sets. We skip the proof. 

Corollary 6.1. Let X £ Xtpi('C'^,0) and let Ep = [77 > \t\ > p\x\] be a parabolic 
exterior set associated to X . Let (/io, r, A, to) G x [0, S) xS^ x dB{0, if) such that 
Re{fj,oX'^i^ Xi3 E){'i^^,to) does not point towards C \ 5(0, 77). Then we obtain 

lim exp(z^oA'^'^X^,£)(rA, ^o) € (dEp U SingX^.s) \ [\t\ = r,] 

for c{fXo,r,\,to) ^supIt{fio\'^^Xp^EAr,\to),Ep) e M+ U {00}. 

Let X = x'^f'v{x,t) rij^^f^ {t - ^j{x)Y'd/dt e XtpiiC^, 0). We define 

xfj = vio,t~ 7i(x))(t ~ ^,{x)r^^'>+'d/dt. 

Let "0° ^ be a holomorphic integral of the time form of X'j^ in the neighborhood 
of Ep \ SingXp^E- We have ^/.^^^(x, e^^y) - il^l^E{^,y) = 2^fi?es(X0, (0, 0)), in 
general V'Jj e multivaluated. Consider a holomorphic integral V'/S.b of the time 
form of Xp^E in the neighborhood of Ep \ SingX such that ^p^e{Q, v) = £;(0, y). 
Clearly V'Iy = "0/3 eI'^'^'^ ^'^^ '4'x,p = 4'i3,eIx'^'^ are integrals of the time forms of 
^d^^o g^j^j respectively. We want to provide accurate estimates for '4)x,i3- 

Lemma 6.5. Let X g Xtpi('C^ ,Q) and let Ep = [ry > \t\ > p\x\] be a parabolic 
exterior set associated to X . Consider C > and 9 > 0. Then \ipx,f3/4'x p ^ ^\ — ^ 
in Epn[t- 71 (x) e M+e*[-^'®l] n [x e B{0,S{C,0))] for N{(3) = 1. The same 
inequality is true for N(f3) > 2 if p > is big enough. 

Proof. Consider the change of coordinates (a;, z) ^ {x,t — 71 (x)). We have 

where his a 0{l/z'^^^'^^^) mcromorphic function and b{x) is a holomorphic function 
in the neighborhood of 0. In a sector of bounded angle in the variable z we have 
that tjjp E'^'^^^'^ is bounded both by above and by below. 

We define K{x,z) = ipp,Eix,z) — 0°^(a;,z). Consider the function J = a; if 
N{(3) = 1 and J = x/z if N{(3) > 1. We have 



v{0,z)z''^<^^+^ 



-1 = 0(J). 



dz w(a;, z + 71 (x)) 11^=2(^ + 71(2;) ~-lj{x)Yi 
Thus dK/dz is a 0{J / z''^^^+^). Let {x,re"^) eEpH i\argz\ < 9). We obtain 

dK 



\K{x,rien\ < \Kix,v)\ 
Consider 7 : [0, 1] - 
\K{x,re"^ 



V 



dz 



■dz 



= 0{x) + 0{x) = 0{x) yuj e [-9, 9] 



^ defined by 7(w) = (x, e*'^[(l — v)ri + vr]). We obtain 

^ dK. 



K{x,Tje''^)\ < 











< 


L 









dz 



■{l{v))^' (v)dv 
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We define Co = if N{(3) = 1 and Co = 1/p if N{(3) > 1. We get 



[{I - v)i^ + vrY^^^"'^ 



for some ^, B > 0. We obtain \K{x, z)\ = 0{x) + 0{Cq(x)I z''^^^^) and then 



K 



<D\Co(x)\ 



in Efi n [| argz| < 6*] n [a; G 5(0, 5(C, for some > depending on B. □ 

Remark 6.2. The previous lemma implies that tpxjj ^ l/{x'^'^{t — ^i{x)Y''f^^) in 
a parabolic exterior set Ep for \ arg(t — 7i(x))| bounded. 

Proposition 6.3. Let X E Xtpi('C'^,0) and let Ep — [q > \t\ > p\x\] be a parabolic 
exterior set associated to X. Consider C € SC^'^{r, X) for rX in a neighborhood 
of and /i G Ei^ . Then C is contained in a sector centered at t — ji (rA) of angle 
lesser than for some 6 > independent of r, X, C and fi. 

Proof. We use the notations in lemma l^31 We have that the extrema of a connected 
component of [\t\ = Tf\\TE^^'^{r, X) lie in an angle centered at z = of angle similar 
to 7r/i/(/3). Then it is enough to prove that F ~ r(pX'^'^ Xp,E, {r, X,ta), Ep) lies in a 
sector of bounded angle for to € TE'^'^{r, A). 

Denote = -l/{v{f3)v{0, 0)z''^l^^). We have lim^^o .e / 1 in big sectors; 
we can suppose that |V'/3,-e/V'*' ^ 1| < C for arbitrary ( > by taking < 77 << 1. 
Since the set (?/>^,£;/(^A'^f ))(r) is contained in (■!/'/3,£;/(/^A''''))(r, A, to) then it 
lies in a sector of angle similar to tt. Since V'/J.b/V'" ~ 1 then T lies in a sector of 
center t = 71 (r, A) and angle close to ■k/v{I3). □ 

Remark 6.3. We have thatipx.js ^ l/{x'^^(t-^i{x)Y^'^'^) in E^nC for a parabolic 
exterior set Ep and all C £ SC^'^ 

6.3. Nature of the polynomial vector fields. The study of polynomial vec- 
tor fields related to stability properties of unfoldings of elements h S Diffi(C,0) 
has been introduced in 3 . Their choices are associated with the elements in the 
deformation whereas ours depend on the infinitesimal properties of the unfolding. 

6.3.1. Directions of instability. Let Mp be a magnifying glass set associated to a 
vector field X e Xtpi (C^ , 0) . We consider 

Xp{X) = A™''C(w - wiY' ...{w- WpY^d/dw 

where C G C* and Wj € C for all j e {1, . . . Denote r^p{X) = Res{Xp{l),Wj) 
for 1 < j < p. Consider the set sump{X) whose elements are the non- vanishing 
sums of the form X^jss '^^ ^^"^ ^"^^ E d {I, . . . ,p}. We define 

Bp{X) = {{X,pl) G X §1 : sum/jn A"V* 7^ 0}- 

We denote Ei^ / ^ the quotient of by the equivalence relation identifying /i and 
-p.. We denote by Bp{X) d'S^ / ^ xS^ / ^ the quotient of Bp{X). Now we define 

B^,a(X) = e : (A,m) e Bp{X)} and = {A G : (A,^) e Bp{X)}. 
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In an analogous way we can define Bi3,x{X) C ~ and C ~ for 

\,H G S^/ '~. Roughly speaking we claim that Re{fiX) has a stable behavior in 
I/s at the direction x G M+A for (A,/i) ^ Bf){X). We define Bx as the union of 
Bjj{X) for every magnifying glass set associated to X. Analogously we can 
define Bx,\, B'^, Bx,\ and B'^. The sets Bx,\ and B'^ are finite for all A, e 
Moreover we have Bx,\' n Bx,a = and B^ r\B^ = $ for aU A' e §^ in a pointed 
neighborhood of A. 

Remark 6.4. Let X G XtpiCC"^ The sets in the dynamical splitting depend 
only on SingX whereas Bfj{X) depends on SingX and Res{X) for all magnifying 
glass set . 

6.3.2. Non-parabolic exterior sets. Let E^yj^ be a non-parabolic exterior set where 
wi & C Thus we have 

X = x"'^h{x,w){w - wi{x)){w - W2{x)y^ ...{w~ Wp{x)y^d/dw 

in Mg where Wi(0) = Wi and h{x,w) — h{0,0) E (x). This expression implies 

X = x"'''{rl)-\w - wi{x)){l + H{x,w))d/dw 

in i?/3iuj for some i? G {x,w — wi) = {x,w — wi{x)). 

Fix yu G and a compact set C \ B'^ . By definition of B'^ we obtain that 
X^Bji/rl ^ iR for aU A G Ri^. This implies ii{rl)-'^{l + H{rX,wi{rX))) ^ iR 
for (r, A) G [0, ro) x K'^ for some ro > since K'^ is compact and -ff (x, wi (x)) G (.x). 
We deduce that the singular point w = wi{xo) of Re{ijX)^^^^^^ is not a center for 
xo G (0, ro)i4'^. Hence, it is either an attracting or a repelling point. 

The set E^uii is of the form jw; — wi| < c for some < c << 1. The vector field 
Re{nX)^x^rX and the set dEf^^^ are tangent at the set 



T£f--^(r,A) 



— ^(1 + H{r\, w)) G 

w — wi 



n [|u;-wi(0)| =c]. 



The function {w—Wi{r\))/{w—Wi) tends to 1 when r ^ in |w— wi| = c. Moreover 
since H G {x,'w — wi ) we obtain that TE''^x^'\r,X) = for r G [O,ro(c)) and 

A G i<r^. Then Re{siiX) points towards E/^^^ {x) at dE^yj^ (x) for all a; G (0, ro)iV'^ 

and either s = — lors = l. As a consequence Ep^^-^ C] [x = xq] is in the basin of 
attraction of {xo,wi{xo)) by Re{s^X) for xq G (O,ro)if^. 

6.3.3. Connexions at oo. We already described the dynamics of Re{iiX) in the 
exterior sets for /j, G and X G XtpiiC"^ ,0). Next we analyze the dynamics of 
Re{nX) in the intermediate sets. 

Let Y = C{w — wiY^ . . . {w — WpY^d/dw be a polynomial vector field such 
that y{Y) = s\ -\- . . . + Sp — 1 > 1. Every vector field Xp{X) associated to a 
magnifying glass set is of this form. We want to characterize the behavior of Y in 
the neighborhood of oo. We define the set Tr^oo (Y) of trajectories 7 : (c, d) — » C of 
Re{Y) such that c G K U {—00}, d G M and lim^^d 7(^) = 00. In an analogous way 
we define Tr^^{Y) = Tr^^{-Y). We define Tr^{Y) = Tr^^.{Y) U Tr^oo{Y). 

We consider a change of coordinates z ~ 1/w. The meromorphic vector field 

_ -C{1 - wizy^ ... (1 - WpzY" d 
~ 'd'z 
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is analytically conjugated to \ / {v{Y)z^'^^^^'^)d / dz — [z"'^^^)* [d / dz) in a neighbor- 
hood of oo. We have Tr^ca{d/ dz) = and Tr^co{d/ dz) = R+. Hence the set 
TraciY) has 21^(1^) trajectories in the neighborhood of oo, there is exactly one of 
them which is tangent to arg(u') = — aig{C)/v{Y) + kir/viY) for < fc < 2v{Y). 
The even values of k correspond to Tr^a^iY). 

The complementary of the set TraoiY) U {oo} has ^viY) connected components 
in the neighborhood of w = oo. Each of these components is called an angle, the 
boundary of an angle contains exactly one — + oo-trajectory and one <— oo-trajectory. 

We say that Re{Y) has oo-connections if Tr^aoiY) D Tr^oci{Y) 7^ 0- In other 
words there exists a trajectory 7 : (c_i,ci) — ^ C of Re{Y) such that c_i,ci G R 
and linii^^Cs 7(C) — 00 for all s G { — 1, !}• The notion of connexion at 00 has been 
introduced in (2j for the study of deformations of elements of Diff i(C, 0). 

We define the a and uj limits a^(P) and uj^ (P) respectively of a point P £ C 
by the vector field Re{Y). If P e Tr^oo{Y) we denote (P) — {00} whereas if 
P e Tr^oc{Y) we denote (P) = {00}. 

Lemma 6.6. Let Y £ X(C,0) be a polynomial vector field such that i'{Y) > 1. 
Then ^^'(wo) = {00} is equivalent to Wq G Tr^a^iY). Analogously {wq) = {00} 
is equivalent to wq G Tr^oo{Y) 

Proof. The vector field F is a ramification of a regular vector field in a neighborhood 
of 00. Thus there exists an open neighborhood V oi 00 and c G K"*" such that 

eyii>icY)(y\Tr^oo{Y))nV = (/} and ejip{~cY){V \Tr^oo{Y)) nV = (b. 

We are done since wq i Tr^^{Y) implies ur^ (wa) n (pi(C) \ V") 7^ 0. □ 

We denote by A'oo(C, 0) the set of polynomial vector fields in A'(C, 0) such that 
v{Y) > 1 and 27ri J2pes Res{Y, P) ^ R \ {0} for all subset 5 of SingY. 

Lemma 6.7. Let Y e A'oofC,0;. Then 

• Re(Y) has no oo-connections. 

• uj^ (wq) {00} implies that ^u;^ (wq) = 1 and ui^ (wq) SingY ^ 0. 

Proof. Let 51 the unique meromorphic 1-form defined by ^{Y) = 1. Suppose that 
7 : (c_i, ci) ^ C is an 00-connexion of Re{Y). Consider the connected component 
U of P^(C) \ (7(c_i, ci) U {00}) such that Re{iY) points towards U at 7. 

There exists a holomorphic integral tp of the time form of K in a neighborhood 
of ui = 00 such that ^ l/w^'^^^\ Since -0(00) = then theorem of the residues 
implies that '^T^i^p^singYnu Rss{Y, P) — ci — c_i e R+. This is a contradiction. 

It is enough to prove that uj"^ {wq) n (C \ SingY) — since cj"^ {wq) is connected. 
Suppose P S a;^('u;o)n(C\5'm(7F). Denote 7 : [0, 00) — > C the trajectory of Re{Y) 
passing through wq. Consider a germ of transversal h to the vector field Re{Y) 
passing through P. There exists some 77 > such that exp{{0,T]]Y){h) n /i = 0. 
There also exists an increasing sequence of positive real numbers j„ 00 such that 
7(jn) G h, lim„_oo lijn) = P and jUnJn+i) n = for all n e N. 

Consider a holomorphic integral ipo of the time form of Y defined in the neigh- 
borhood of P. Let Ln be the segment of h whose boundary is {^{jn),^{jn+i)}- 
Denote by Vn the bounded component of C \ {j[jn,jn+i] U L„). By the theorem of 
the residues we obtain 

/ r! + (^o(70n))-^o(7(jn+i)))=±2^* E Res{Y,P) 

•^7[J.^Jn+l] PeV„nSingY 
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By making n to tend to oo we deduce that there exists a subset S of SingY such 
that ±27ri ^pgg i?es(y, P) e [rj, oo). That is a contradiction. □ 

Corollary 6.2. Let X e Xtpif'C'^jO)- Consider a magnifying glass set Mp associ- 
ated to X. Then 

• Re{^Xp{X)) has no oo- connections. 

• ujt'XfiW{wn) ^oo^ tta;^'^''(^Hwo) = 1 and UJ^'^0^^\wo) n ^^^^^^(A) ^ 0. 
for all {X,^i) ^ BpiX). 

6.3.4. The graph. In this subsection we associate an oriented graph to every vector 
field nXp{X) for (A,^) ^ Bp{X). 

Lemma 6.8. Let Y e Xoo(C,0). Then u;^ : C\ (Tr^ociY) U SingY) SingY is 
locally constant. 

Proof Let P e C \ {Tr^oo{Y) U SingY). Denote Q = uj^{P). The singular point 
Q is not a center since then Re{Y) would support cycles flemma IfTTjl . If Q is 
attracting there is nothing to prove. If Q is parabohc then P g UAeDi(y)Kxp(Y)- 
We are done since ^\eDi(Y)V^^^fY) is open and {^\eDi(Y)V^^^fY)) =Q- □ 

We denote by Reg{Y) the set of connected components of C\ {Troo{Y)lJ SingY). 
Its elements are called regions of Re{Y). Every H e Reg{Y) satisfies that {H) 
and Lo^ {H) are points. We denote by Regj{Y) the set of regions H of Re{Y) 
such that \jt{a^ (H) , oj^ (H)} = j for j g {1,2}. We associate an oriented graph to 
Re{Y) for Y G A'oo(C, 0). The set of vertexes is SingY, the edges are the regions of 
Re(Y). We say that H e Reg{Y) joins the points a^iH) and lu^{H). We denote 

a-*^(i?) uj^{H). The graph obtained in this way is denoted by Gy- We denote 
by MGy the unoriented graph obtained from Qy by removing the refiexive edges 
and the orientations of the edges. 

An angle is always contained in a region of Re{Y). Such a region is characterized 
by the angles that it contains. Let A be an angle of the polynomial vector field 
Y. We denote by 7^00 the trajectory of Tr^oo contained in the closure of A. The 
definition of 7^0^ is analogous. 

Lemma 6.9. Let Y e Xoo('C,{)). Consider H e RegiY). Then H contains an 
angle A. Moreover Q!^(7doo) — Q^^(-f^) and i.^^ — ^^{^)- 

Proof. Let P E {C\ SingY) n dH; such a point exists since Troo{Y) is contained 
in the complementary of H. Since and u;^ are locally constant then either 
a^(P) = CXI or u!^ (P) = 00. We have that P E H, thus there are points of H 
in every neighborhood of cxi. As a consequence H contains at least an angle A. 
The relations {-/^^) = (H) and uj^ (j^^) — {H) can be deduced of the 
locally constant character of and lo^ . □ 

Lemma 6.10. Let Y e Xoa(C,Q). Then we have SingY C Tr^oiY). 

Proof. Let P G SingY . Suppose that V n Trao{Y) = for some connected neigh- 
borhood V of P. Let H be the region of Re{Y) containing V \ {P}. Since P is 
attracting, repelling or parabolic then either {H) = P or lo^ [H) = P. Consider 
an angle Ac H. We obtain P G -f^^ U 7^^ C Tr~(Y). □ 

Lemma 6.11. Let Y G (YoofCjOj. Consider H G Regi{Y). Then H contains 
exactly one angle. 
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Proof. Let A be an angle contained in H. Denote P = (H) = lo^{H). By 
lemma IHUl we have that 7 = {00} U 7^00 U 7^00 U {P} is a closed simple curve. 
Let V the connected component of P^(C) \ 7 containing A. The set Troo(i^) H V 
is empty since A is the only angle contained in V. By lemma 16.101 we have that 
V n SingY = 0. Hence H is equal to V and contains only one angle. □ 

Lemma 6.12. Let Y e A'oofCjOj. Consider H E Reg2{Y). Then H contains 
exactly two angles. Moreover C\H has two connected components Hi and H2 such 
that a^{H) e Hi and uj^ [H] € H2. 

Proof. Let Ai be an angle contained in H. Fix a trajectory 70 of Re{Y) contained 
in H. Denote 71 = 70 U 7^^oo U 7^^ U {a^ {H),uj^ (H)}. Consider the connected 
component Vi of C \ 71 containing Ai. Since Vi contains only one angle then 
Vi C H. By proceeding like in lemma we can prove that there exists an angle 
A2 contained in H \ {Vi U 70). Let V2 be the connected component of the set 
C \ (70 U 7^2^ U -ft^^ U {a^iH),uj^{H)}) such that A2 C V2. Clearly we have 
A2 ^ Ai and = U 70 U ¥2- Now 

C \ (7d^oo U it^^ U 7dL U 7:iL U ^^(i?)}) 
has three connected components H, Ji and J2 such that 

9Ji = 7d^oo U 7d^oo U and dJ2 = U ^t'^ U {c.^(H)}. 

Then i?i = Ji U dJi and iJ2 = J2 U 9 J2 are the connected components of C \ . □ 
Corollary 6.3. Let Y e Xoc(^,^)- Then AfGy has no cycles. 

Proof. Consider an edge P ^ Q oi Qy with P ^ Q. Consider the notations in 
the previous lemma. The fixed points are divided in two sets Hi H SingY and 
H2 n SingY . The only edge of Gy joining a vertex in the former set with a vertex 
in the latter set (or vice-versa) is P ^ Q. Clearly AfGy has no cycles. □ 

Proposition 6.4. Let Y e A'oo('C,Oj. Then the graph AfGy is connected. 

Proof. Let Gi , . . . , G; be the set of vertexes of the I connected components of NGy . 
We define the open set V, = {a^)-^{Gj) U (uS^y^iGj) for all j G {1, . . . , I}. The 
lack of 00-connexions implies U^^j^V,- = C. Moreover Vj O Vk = 9 ii j ^ k since 
otherwise Gj ~ Gk. Clearly I = 1 since C is connected. □ 

Corollary 6.4. Let Y E Xoo(^,Q)- Then '^Reg2{Y) = ^SingY - 1. 

Let Y £ X{C,0). Consider yo £ SingY. We define lyylyo) as the only element 
of NU {0} such that Y{y) £ {y ~ yoY^'-y<'^+^ \{y~ yaY^'^y°^+'^ ■ 

Proposition 6.5. Let Y £ A'oof'CjOj. Consider yo £ SingY. Then there exist 
exactly 2i'y{yo) regions of ReiY) contained in [a^ ,uj^)~^[yo^yo). 

Proof. If j/o is not parabolic the result is obvious since on the one hand vy{yo) — 
and on the other hand (a^, Li;^)^^(?/o, ?/o) — {yo}- 

Let Iq be the germ of Y in the neighborhood of yo, we have v{Yo) = i^y{yo). 
Consider the strict transform Y of Re{Y) by the real blow-up 7r(r, A) = yo + rX. 
By the discussion in section IT!^ there exists a unique region of Re{Y) adhering to 
[(r,A) £ {0} X [Ao, Aoe^'^/'^^'^i)]] for aU Ao £ D{Yo). In this way we find 2i^y{yo) 
regions in (a^ ,uj^)~^{yo,yo). Any other region would adhere to a single point in 
D{Yo). It would be both attracting and repeUing for Y; that is impossible. □ 
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Corollary 6.5. Let Y e Xoo (C,0). Then ^Reg{Y) = 2i^{Y) - ^{SingY) + 1. 

Let Y G A'oo(C, 0). Consider a trajectory ■^h C H for every region H e Reg2{Y). 
There exists po > such that 



Let P e B{0,p). Wc define iv^'P{P) = oo if It{Y, P, B{0, p)) docs not contain 
(0,oo). Otherwise we define lo'^'P{P) = u)^{P). We define a^'^ in an analogous 
way. Denote by Reg{Y, p) the set of connected components of 



will be called Regoc{Y, p). The dynamics of Re{Y) in C and B{0,po) is analogous. 

Proposition 6.6. Let Y G X^(C,0). Consider p » 0. There exist bijections 
F : Reg{Y,p) Reg(Y) and G : Reg^{Y,p) Troo(5^) such that 

• He F{H) for all H e Reg{Y, p) 

• UdH n T^) = j for all H e Regj{Y, p) and j e {1, 2}. 

• tt(5J n Ty) = 1 for each connected component J of H \ and H € 
Reg2{Y,p). 

• G{K) n B{0, p)cK for all K e Reg^{Y, p). 

Proof. We define Fi{H) as the clement oi RegiY, p) containing for H S RegiY). 
Every H G RegiY, p) is contained in a unique F[H) G Reg(Y). It is clear that 
FoFi= Id. This implies \\{Regj{Y, p)) > ^{Regj{Y)) for j e {1, 2}. 

Let H e Reg{Y,p). We have dH n dB{0,p) = dH n T^. Thus wc obtain 
tt(5ff n T^) > 1. Let H G Reg2{Y, p). Every connected component of F{H) \ 7^/ 
contains at least a point in dH n Ty and then fl Ty) > 2. We have 



2v{Y) = > megiiY,p) + 2pep2(r,p) > tti?egi(F) + 2tReg2{Y) = 2u{Y). 



Hence all the inequalities are indeed equalities. We obtain ^Regj{Y, p) = )ji?eg(j(y) 

and i{dH n T^) j for all j G {1,2} and H G Regj(Y,p). We deduce that 
Fl = and that {a^'P{Q),u)^'P{Q)} C SingY for all Q G T^. 

Let Z be a connected component of dB{0,p) \ Ty such that Re{sY) points to- 
wards B{0,p) for some s G {—1,1}. Wc claim that exp(s(0, oo)F)(Z) is a con- 
nected component of Regoo{Y, p). Suppose s = 1 without lack of generality. Since 
u>^'P{dl) C SingY and MGy is connected then u?^'P{1) = u)^'f{dl) is a single- 
ton contained in SingY. The claim is proved, it implies ^Regac{Y, p) — 2i'{Y). 
There exists a imiquc ^{l) G Troo{Y) such that ^{l) fl / ^ 0. The mapping 
G{K) = j{dK n (as(0, p) \ T^)) is the one we are looking for. □ 

6.4. Assembling the dynamics of the polynomial vector fields. Let X in 

Xtpi (C^ , 0) . Throughout this section K'^ is some compact connected set contained 
in §^ \ B'^. Fix a magnifying glass set = < p] and p, G Given P in 
iffdix G [0, 6o)K'^] we have that either exp{c{P)pX"''' X0^m){P) belongs to [l^l = p] 
or to [|u; - CI = r{C)] for some C e 5/3 where c(P) = supr(/iA™''X/3,M, //s)- We 



{ 



SingY C B(0,po) and tlT^ = 2i^{Y) for all p > po- 
7h C B(0,po) for all H G Reg2{Y). 



B{0,p) \ {{a^'P)-\oo) U (w^''')-i(oo) U SingY). 



Denote 
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denote uj^^ {P) — oo and tj^ (P) = C respectively. The definition of a^p (P) is 
analogous. We define Reg*(Ii3,fiX,K'^) the set of connected components of 

[Ip n[xe [0,6o)K^]] \ (SingX U,^[o.So)K- Up^^j,^,^^^T{ijX"'^ Xp^M, P, Ip))- 

Since the elements of Reg{fiXp{X), p) and RegQo{fiXp{X), p) depend continuously on 
A e K'^ C '§:^\Bp[X) so they do the elements of Reg* {I 13, pX, K'^) by continuity of 
the flow. Thus a'^^ and o;^"^ are constant by restriction to H G Reg*{I/3, pX, K^). 
The dynamics of Re{pX) is a topological product in the intermediate sets when we 
avoid the directions in B'^. Such a property is also true in the exterior sets. We 
want to assemble the information attached to the exterior and intermediate sets to 
describe the behavior of Re(pX) in \y\ < e. 

Lemma 6.13. Let X e Xtpi fC^ Oj. Fix p e E>^ . Let Pq e [0, ^o) x x dB{0, e) 
such that Re{pX) does not point towards C\B{0, e) at Pq. Then [0, 00) is contained 
in It(pX, Pq, B{0, e)) and lim^_^oo exp((^//X)(Po) £ SingX . Moreover the intersec- 
tion 0/ exp((0, oo)/iX)(Po) with every intermediate of exterior set is connected. 

The last property is important. Once the trajectories of Re{pX) enter a set 
or Tf} they never go out. 

Proof. Denote Pq — {ro,Xo,yo). We can suppose ro 7^ and N{X) > 1. Oth- 
erwise the result is a consequence of corollary 16.11 since {roAo} x P(0, e) C Eg. 
Since £'o(ro,Ao) H SingX — then cq = sup Lt{pXQ° Xq e, Pq, Eg) belongs to M+. 
Denote Qq = exp(co^AQ''Xo,£;)(Po). We have that Qq e OMq and Re{pX) points 
towards /q at Qq- The point Qo is contained in the closure of a unique H in 
Reg*{Io,pX,K^). Moreover {aQ^ ,ujq^){H) = {00, () for some ( G C since 
Gfj.XoiXo) is connected. We have that di = snp{It{pX , Q , Iq)) belongs to M+. De- 
note Pi = exp(dipX){Qo); we obtain Pi G OLq n 3i?oc- Moreover Re{pX) points 
towards Eqq at Pi. Denote /3(0) = and /3(1) = OC. Analogously there exist 
sequences /3(0), . . ., /3(fc) and 

(Po,0) = (Po,do), (go, Co), (Pi,di), (Qi,ci), (Pfc,rffe)/c>l 

such that we have exp((c?;, c/)/iX)(Po) C Efj^i^, exp{{cj_i , dj) pX){Pq) C Ip^j-i), 

Qi = exp(c/AiX)(Po) e dEp^i) n c)M^(/), P,- = exp(djMX)(Po) e 9/^30-1) n 9^;3q-) 

for all 1 < j, Z + 1 < A; and i?/3(fc) = ^/3(fc)- By coroUarv 16.11 and the discussion 
in subsection 16.3.21 then Re{pX) points towards Ep^^-^ at dEpij^-^ and P^ is in the 
basin of attraction of SingX C]Efj(^]^y Thus we get exp((0, oo)pX){Pk) C P/3(fc) and 
lim^^^oo exp(z^X)(Po) e SingX n £^/3(fc). □ 

We define Reg*{e, pX, K'^) the set of connected components of 

<e]n[xe [0, (5o)if^]] \ (SingX U^e[o,5„)K- Up^r^^^^^^TipX, P, \y\ < e)). 

We define a^^(P) = lim^^_oo exp(z^X)(P) for aU P e < e] such that 
It{pX,P, \y\ < e) contains (— oo,0). Otherwise we define a^-^ (P) — 00. We define 
u!^^ (P) in an analogous way. 

Given H e Reg*{e, pX, K'^) the functions ia>'^)\H and (a;^^)|^f satisfy that 
either they are identically 00 or their value is never 00. Since the basins of attraction 
and repulsion of the curves in SingvpX in x G [0, So)K'^ are open sets then {ci^'^)\H 
and are continuous. Thus {a'^^)\H{x) and {uj^^)\h{x) are constant for all 
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X e [0, 5o)K'^. Indeed we can interpret a'^^ (H) either as oo if (a^^)\H = cxd or as 
the element of SingyX that contains a^^ [H] otherwise. Denote 

RegU^, ^iX, K^) = Reg*{e, fiX, K^) (K^)-i((X3) U (ex.)) 

and Regie, fiX, K^) = Reg*{e, ^X, K^) \ Reg^{e, fiX, K^). We define 

Reggie, tiX,K^) = {H e Regie, fiX, K^) : c^^^(i7)} = j} 

for j £ {1,2}. We have that the set H{x) is connected for H e Reg{e, fiX, K^) 
and X £ {Q,Sq)K^. The set H{0) is connected for H ^ Reg2{e, ij,X, K'^) whereas 
otherwise H{0) has two connected components. 

We define an oriented graph Q{fj,X, K'^). The set of vertexes is SingyX whereas 
the edges are the elements of Reg{e, fiX, K'^). The edge H £ Reg{e, ^X, K'^) joins 

the vertexes a'^^ (H) and we denote a^'^{H) ^ ^^'^{H). The graph 

NG{iJiX, Kx) is obtained from Q{iiX, K^) by removing the reflexive edges and the 
orientation of edges. 

Proposition 6.7. Let X £ Xtpi(^'^ Fix n £ and a compact connected set 
C §^ \ B^- Then the graph J\fG{^X, K^) is acyclic and connected. 

We say that a exterior set Ep has depth if N{0) = 1. In general given Ep such 
that N{l3) > 1 we define depth{Ep) 1 + sup^gg^^ depth{Epi^). 

Proof. An exterior set Ep = [rj > \t\ > p\x\] is contained in Tp = [rj > \t\]. We can 
associate graphs Qfj{fiX, K^) and NGp{^j.X, K^) to the vector field Re{fiX'^i^ X^^e) 
defined in Tp. 

Consider an exterior set Ep such that depth{Ep) = 0. The graph A/'G/3(/iX, K^) 
has only one vertex and no edges, therefore it is connected and acyclic. 

Suppose that J\fGp{fiX, K^) is connected and acyclic for all exterior set Ep such 
that depth{Ep) < k. It is enough to prove that the result is true for every exterior 
set Ep such that depth{Ep) = fc + 1. 

Fix Aq £ K^- The graph MG ^X/iiXo) connected and acyclic by corollary 
16.31 and proposition 16.41 Consider an edge Jq £ Reg{iiX piXo)) of the graph 
QiiX[3(\o) joining the vertexes and C(2)- We denote also by Jo the compo- 
nent oi Reg{iJ,Xp{Xo), p) associated to Jo by proposition 16 . 61 where Mp = \\w\ < p]. 
Let Ji be the element of Reg*{Ip, pX, K^) such that Ji(0,Ao) C Jo- By lemma 
Ens applied to i?e(^A'*'^':(i)X^^(i)_B) in Tp^^i) we deduce that a''^(Ji) C SingX. 
By the open character of the singular points in (r, A) £ [0, Sq) x we obtain 
that a'^'^ (Ji) is contained in an irreducible component 71 of SingX. Analogously 
uj^-^ {Ji) is contained in an irreducible component 72 of SingX. Denote by J2 the 
edge of AfGpdiX, Kx) joining 71 and 72. 

The set C \ Jo has two connected components Hi 9 ({1) and iJ2 9 C(2) (lemma 
O^ . Denote Sgj = Hj tl Sp for j £ {1,2}. We obtain that there is no edge 
different than J2 of Qp{iiX,Kx) joining a vertex of NGpi;{pX,Kx) and a ver- 
tex of NGpK,{pX,Kx) for V £ Sgi and n £ Sg2. Moreover the restriction of 
Qp{pX,Kx) to SingyXpv^E is GiSvitJ-X, Kx) for all v £ Sp. Then the acyclic- 
ity of every J\fGpv{pX, Kx) for all v £ Sp imply that JVGp{pX, Kx) is acyclic. 
Finally, since MG^Xp(\o) ^'ii'i J^Gpv[pX,Kx) are connected for all v £ Sp then 
NGp{pX,Kx) is connected. □ 

The properties of Q {pX, Kx ) are inherited of the properties of the polynomial 
vector fields associated to X. 
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Proposition 6.8. Let X e AfpifC^jOj. Fix fj, and a compact connected set 

K'^ CZ \ B'^ . Then we have 

for all 7 G SingyX . Moreover we have \\Reg{e, fiX, K'^) = 2v{X) — N{X) + 1. 

6.5. Analyzing the regions. Let X e ^"4^1(0^,0). Fix /i e e*'"''^^ and a compact 
connected set K'^ C §^ \ B'^. Consider a region H £ Regi{e, fiX, K'^). We denote 
by T^j(- h{x) the unique tangent point in T^^{x) n H(x) for all x £ [0, 5q)K'^. Let 
■0 be an integral of the time form of X defined in a neighborhood of T^x ni^)- 
analytic continuation we obtain an integral of the time form V'^ l ~ r '^^ 
in H = Hl = Hn such that it is holomorphic in _ff \ [a; = 0] and continuous in 
H. Moreover (xjV'^l) ~ i^^^H r) injective in H since ip-^ ^{H{x)) is simply 
connected for all x £ [0, So)Kx- 

Let H £ Reg2{e, fJ.X, K^)- Let L'^^x h{^) t'e the point in T^xi^) ^ H{x) such 
that Re{X) points towards H for all x £ [0, ^o)^^- define Hl{0) the connected 
component of H{0) such that L'^^x G Hl{0)- We denote by R'^^x ni^) other 
point in r^^(x)niJ(a;) for x £ [0,So)K^. We define Hl = i/L(0)U(i?\[x = 0]) and 
Hji — H \ Hl{0). Let V'k be a holomorphic integral of the time form of X defined 
in a neighborhood of k^j^x (0) for k G {£, R}. We obtain an integral 4'h k of the 
time form of X in iJ^ obtained by analytic continuation of ip,^ for k £ {L, R\. The 
function ■0^ „ is holomorphic \n H \ [x = Q] and continuous in if„ for k G {L, i?}. 
Moreover {x,tp^ j^) and (a^j^^/j) are injective in Hl and -ff^j respectively. The 
theorem of the residues implies that 

V'ff,L(a^,y)-0i,fl(a^,2/)-2^i J2 Res{X,P) 

Pe.J{x) 

is bounded in H \ [a; = 0] where J{x) is the subset of {SingX){x) of points 
contained in the same connected component of B{0,e) \ H{x) than u)^-^{H{x)). 
Since H{Q) is disconnected the function x J2pe.i{x) Rgs{X, P) is not bounded 
in X G (0, (5o)-ftr^. Indeed x — > J2pe J{x) -^^^i^^ extended to a pure 

meromorphic function defined in a neighborhood of x = 0. 

We call subregion of a region H £ Reg{e, fj,X, Kx) to every set of the form HOEp 
or HfMp where Ep is an exterior set and is an intermediate set. We say that all 
the subregions of H £ Regi{e, fiX, Kx) are both L-subregions and ii-subregions. 
Consider H £ Reg2{e, fJ^X, K^). There exists a magnifying glass set M^(o) such that 
the curves a^^ (H) and uj^^ (H) are contained in M^(o) but they are in different 
connected components of A/^(o) \^/3(o)- ^ subregion of H contained in M^(q) is both 
a L-subregion and an i?-subregion. A subregion in the same connected component 
of H \ M^(o) than ^ is called a L-subregion. A subregion of H in the same 
connected component of H\ M(3(o) than h called a R-subregion. We define 
the union of the L-subregions of H whereas is the union of the R-subregions 
of H. Clearly we have H ^ U hy lemma lO^ 

7. Extension of the Fatou coordinates 

A diffeomorphism ip £ Diff tpi(C^, 0) is a small deformation of its convergent 
normal form exp(A) in suitable domains. The dynamical splitting associated to X 
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provides information about the dynamics of ^p. That is going to lead us to define the 
analogue of the Ecalle-Voronin invariants. For such a purpose we need to mesure 
the "distance" from exp(X) to Lp. 

7.1. Comparing tp g Diff tpi(C^, 0) and a convergent normal form. Let exp(X) 
be a convergent normal form of Lp. We consider ^^(x, y) — {x,y + z(y o ip — y)) for 
z £ B(Q, 2). Let ip be an integral of the time form of X, i.e. X{iJ;) = 1. We define 
= ip o ai(P) — (ipiP) + 1) for P ^ Fixip in a neighborhood of (0, 0) as follows: 
we choose a determination i)\x=x(P) in the neighborhood of P, we define tp o (Ji{P) 
as the evaluation at <Ji{P) of the analytic continuation of ip\x=x(P) along the path 
7 : [0, 1] ^ [x = x{P)] given by 7(2) = (7z{P)- The value of A^p does not depend 
on the determination of ip that we chose. Clearly is holomorphic in U \ Fixtp 
for some neighborhood U of (0, 0). Indeed we have: 

Lemma 7.1. Let p e Diff tpi(C^, 0) (with fixed convergent normal form). Then 
the function A^ belongs to the ideal {y o tp — y) of the ring <C{x^ y}. 

The result is a consequence of Taylor's formula applied to 

A^ = ijj o (p — ijj o exp(X) ^ (dijj/dy) o exp{X){y o ip — y o exp{X)) = 0{y o ip — y). 

Proposition 7.1. LetipG Diff tpi (C^, 0) with fixed convergent normal form e'Xjp{X). 
Fix /i G §^ and a compact connected set K'^ C S^. Consider H e Reg{t, ^X, K^). 
Then we have 

A^ = 0{X{y)) = O 



in H'^ for all k G {L, R}. 

Proof. Denote / — X{y). Let us prove the result for a L-subregion J without lack 
of generality. Lemma Ft) . 1 31 implies that there exists a sequence i?(0), . . ., B{k) = J 
of i-subregions of H such that 

• B{2i) C Ep(^2j) for all < 2 j < k. 

• B{2j + 1) C /^(2j) for all < 2j + 1 < fc. 

• /3(0) and /3(2j+2) = [3{2j)v(j) for some v{j) G C and all < 2j+2 < k. 
Denote K{2j) ^ Ep(2]), h{2j) = d/3(2j), K{2i + 1) = //3 (2j) and h{2j + 1) = mp(2j)- 
Denote 5eS(0) = [\y\ < e] n 5(0) and deB{i) = B{j) n dK{j - 1) for j > 1. We 
define the property Pr{j) as 

. r sup \{tP§ L)\d.BU)\ < M,/|x|"(^) for some e R+ if j < fc 
^^■^^ ■ I / = 0(1/(1 + IV^^^lD^+^Z-^'^)) in 5(0) U...UBU- 1). 

We have that Pr{k + 1) implies the result in the proposition for J. The result is 
true for j = 0. It is enough to prove that Pr{j) Pr{j + 1) for all < j < k. 

From the construction of the splitting we obtain that / e (j;''(-')+[(-'+i)/^l) in K{j) 
for all < j < fc (let us remark that [{j + l)/2] is the integer part of {j + l)/2). 
Denote Y = {X/x^^J'>)\K{j)- There exists a holomorphic integral ipj of the time 
form of y in a neighborhood of the simply connected set B(j) such that \ < Mj 
in deB(j) for some Mj > 0. Suppose that K{j) = [q > \t\ > p\x\] is a parabolic 
exterior set, since i^iY) < z^(X) we obtain 

(4) / = L. ...u..v. ]=0 



(1 + IVjDi+i/'-t^) J V(i + IV'jl)^+^/''(-^) 
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by remark IIOl The inequality \x'^'^-''^iPh l ~ V'il ^ ^Ij + Mj implies 

/a;/i(j)+[(j+i)/2]-/i0)(i+i/.^(x))\ / 1 



in -B(j) since h{j) < [{j + l)/2]i'{X) by construction. Moreover ii j < k then we 
have IVJjI = ©(l/lxl^C^)) in + We deduce that there exists Mj+i > such 

that < Mj+i/|a;|''(j'+i) in deB{j + 1) since h{j + 1) = + i^iY), 

Suppose that K (j) — [rj > \t\] is a non-parabolic exterior set, this implies j = k. 
We have that i^kir, A, i)A~''''(*' — C{r, A) ln(i — j{x)) is bounded in B{k) where 
t — 7(x) is the only irreducible component of SingX0(^j^^E by the discussion in 
subsection l6.3.2l There exists v > such that arg(C(r, A)) in (— 7r/2 + v, tt/2 — v) 
for all (r, A) e [0, Sq) x K'^ if is a basin of repulsion, otherwise we have that 
arg(C(r, A)) S (7r/2 + v, 37r/2 - v) for all (r, A) e [0, (5o) x i^^. We deduce that 

/ = 0(a;''('=)+[(^-+i)/2l(t_^(a;))) = 0(a;"(fe)+[(fc+i)/2]g-i^l^.l) 

in -B(j) for some K > 0. This implies equation^and then Pr{k + 1). 

Finally suppose that K{j) is an intermediate set. We have that f/'j is bounded in 
B{j). Thus there exists Afj+i > such that IV'i,^! < Mj+i/\x\'''-J^ = A-/j+i/|x|''(j'+i) 

in B{j) and then in de{B{j + 1)). Moreover / = 0(x'**^-')+['^^+^^/^l) implies equation 
Hand then Pr(j + 1). □ 

7.2. Constructing Fatou coordinates. Let ip E Diff tpi(C^, 0) with convergent 
normal form a = exp(X). Fix /i = ie'^ with 9 G (— 7r/2,7r/2) and a compact con- 
nected set K'^ C §^ \ Bj^. Consider H € Reg{e, fiX, Kj^). Let P e H, suppose 
P S i?'^ without lack of generality. The trajectory F = F(/iX, P, \y\ < e) is con- 
tained in H^. Let B{P) be the strip exp([0, 1]^)(F) and F' = a(F). The distance 
between the lines tpn '4'h.l(^') cos 9. Since o ip — V'^.l o a + 

then F and y(F) enclose a strip Bi{P) whenever supB(o.So)y.B(Q,c)\A.,^\ < (cos6')/3. 
Since A^(0,0) = this condition is fulfilled by taking /i away from —1 and 1 and 
a small neighborhood 5(0, So) x 5(0, e) of (0, 0). 

Let B{P) be the complex space obtained from B{P) by identifying F and F'. 
Let Bi{P) be the complex space obtained from Bi{P) by identifying F and ^piT). 
The space B{P) is biholomorphic to C* by e^'^*^ o ip-^ ^. A natural compactification 
B{P) is obtained by adding ^ uj'^^ (P) and oo ^ a'^-^{P). Analogously we will 
obtain a biholomorphism from Bi{P) to P^(C). The space of orbits of ip\HL{x{P)) is 
then rigid, that will allow us to define analytic invariants of ip. Let us remark that 
Bi{P) is the restriction of the space of orbits of cp to Hl{x{P)) for all choices of H 
and P if and only if vx (7) > 1 for all 7 € SingyX ^] . In general the complete 
space of orbits is messier, we obtain further identifications via return maps. 

We consider the coordinates given by -0^ ^ . We define 

ao(z) = z + 77(cos 9Re{{z - V'i^i(F))e-^^)) o a°("i) o (x, ^1:^^^)°^-^^ {<P). ^) 

where 77 : R ^ [0, 1] is a C°° function such that 77(6) = for all & < 1/3 and ?](&) = 1 
for all h > 2/3. This definition implies that a = {ip^ l)"*"^^"* ° ctq ° ''Ph l satisfies 



foxp([o,i/3]x)(r) = W and fToxp([-i/3,o]x)(r') = 'Z' ° " 



o(-i) 
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The mappings ctq and a depend on the choice of the base point P. The function 
Ay o o (-0^ is holoniorphic. By Cauchy's integral formula we obtain 



dz 



1 

27ri 



dz. 



Denote ^^(p) = exp(P(0, 2)X){B{P)). By prop. [711 there exists C > 1 such that 



(5) 



9(Ayoa°(-i)o(V.i,)°(-i)) 



92; 



(z) < Cmin 



sup |A„ 



(l + |z|)i+iM^)'5.(P) 



for all z e 4'h The jacobian matrix Ja^ of ctq is a 2 x 2 real matrix. The 

coefRcients of J^a^ — Id are bounded by an expression like the one in the right hand 
side of equationlSJ maybe for a bigger C > 1. We obtain that sup^j-Q ,5^)xs(o,e) \^v\ 
small implies j/cto ~ Id and then cr is a C°° diffeomorphism from B{P) onto Bi{P). 

The mapping ^ = g27ri2 ^ ^ ^ is a C°° diffeomorphism from Bi{P) onto 

C*. The function ipn l ° is a Fatou coordinate, even if not holomorphic in 

general, of ip in Bi{P). The complex dilatation Xao of ""o satisfies 



IXaol(^) 



I ^ I 

I 9cro I 
I dz I 



(z) < is:(iJ) min 



(l + |z|)l+l/^(¥') 



_ sup I 

cxp{B{Q,2)X)(H(x(P))) 



for all z e ■0^_^(B(P)) and some > 1 independent ofP eH. Since is 

equal to (i/'^.l)"^"^^ ° o ((l/27i'i) Inz) then 
Lemma 7.2. We have 

1 



(^i + Z TT |mz|j oxp(B(0,2)Jf)(H(a:(P))) 



|A„ 



for all z £ e^™ o %Ij^j^{B{P)). 

The mapping ^ and then Xjo(-i) depend on the base point P. We look for a 
quasi-conformal mapping p : P^(C) — > P^(C) such that Xp = X4°(-i)- Since we can 
suppose I Ix^o(-i) I |oo = supc* |x^o(-i)| < 1/2 < 1 then such a mapping exists by the 
Ahlfors-Bers theorem. The choice of p is unique if p fulfills /5(0) = 0, p{l) = 1 and 
p{oo) = oo. By construction po ^ is a biholomorphism from Bi(P) to C*. 

We define 



J(r) = - 



K{H) 



1 



7 da 



TT J\,i<r (l + 2-i7r-i|ln|z||)i+i/K'P) |z|2 
for r e R+. We have that J{r) < oo for all r e M+. 

Lemma 7.3. The mapping p is conformal at and at oo. Moreover we have 

z 



^-f(0) 
z oz 



< 



f(0) 
oz 



l{\z\) and 



dp, 



< 



dp, . 

TT °° 
oz 



p{z) dz 

where l depends on K{H), it satisfies limi^i^o '-(1^1) — 0. We have 

mm|^l=i|p(z)|e--'(i' < \dp/dz\{0),\dp/dz\{oo) < maa;|^|^i |p(z)|e'^(i 



iil/\z\) 
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Proof. We define 



/(r) 



1 



\Xp{z)\ 



da 



l\z\<r^~\Xp\ kl" 

for all r G M"*". We have /(r) < J(r) for all r £ M+. To get the conformality of p at 
z = it is enough to prove that /(r) < oo for all r E R"*" (theorem 6.1 in page 232 
of [7j). This is clear since J(r) < oo for all r E . The inequality is obtained for 
a function l such that limi^i^Q l{\z\) = 0, it depends on J and then on K{H). The 
proof for z = oo is obtained by applying the result in to \/p{l/z). □ 

We denote by [zq, zi\ the spherical distance for zqj ^i ^ P^(C). 

Lemma 7.4. lemma 17, page 398). Let x be a measurable complex-valued 

function in¥^{<C). Suppose ||x||oo < 1- Then there exists a unique quasi- conformal 
mapping v : P"'"(C) P"'"(C) such that Xv — Xi ^(0) — 0, = 1, u(oo) = oo and 
[f(z),z] < CqIIxIIoo for all z E P"'"(C) and some Cq > not depending on x- 

Corollary 7.1. [p{z),z] < Co| I U for all z E P\C) 

We define p — p/ {dp/dz){0). The quasi-conformal mapping p is the only solution 
of Xp = X^°(-i) such that p(0) = 0, p{oo) = oo and {dp/dz){0) = 1. 

Lemma 7.5. lmm^^^^_^^\\^_tQ{dp/dz){zo) = 1 for zq E {0,oo}. In particular we 
have limi 



XfO(-l) 



^o{dp/dz){oo) 



Proof. Denote x = X^oi-i)- Fo^' llxlloo small enough there exists Ci > such that 
\p{z) - z\< CillxlU for all z e B(0, 1) by corollary O This leads us to 



< (1 + Ci)e 



.7(1 



'^(kD + Sllxl 



for all z E B{0, 1) \ {0} f lemma [73)l . By evaluating at z = 
limii^li ^o(f^p/f^^)(0) = 1- Analogously we get limi 



Ixll 



we have p = p/{dp/dz){0) then Yiia\\^\\^^(;,{d p / dz){Go) — 1. 



I loo we obtain that 
^o(9p/9z)(oo) = 1. Since 
□ 



Lemma 7.6. lim 



.osup^epi(c) \p{z)/z-l\ = 0. 



Proof. Denote x = X5°(-i)- Let 6 > 0. By lemma 177^ there exists ro G 
that |p(z)/z — \ \ <b for all z G 5(0, ro). Wc also obtain 



such 



dp, 
oz 



< 



dp, 
oz 



.(l/|z|). 



Since limi 



Ixll 



+o(9p/9z)(oo) = 1 then there exist oq > and ri > such that 



|p(z)/z — 1\ < b for all z G C \ 5(0, ri) if ||x||oo < ao- There exists ai > and 
Ci > such that \p{z) ~z\< Cillxlloo for aU z G 5(0, ri) \ 5(0, ro) if ||xl|oo < ai- 
We deduce that 



Piz) 



1 



<|i-i/(ap/az)(o)| 



Cillxl 



\dp/dzm\z\ 



for all z G 5(0, ri) \ 5(0, ro) and ||xl|oo < ai- By lemma 1731 there exists a E 
such that |p(z)/z - 1\ < b for all z G P^(C) if ||x||oo < a. □ 
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Now we can define the function 

Vh,l,p = 2^ 1^ ^ ° ° ° ^II ° <^°^-'^ ■ 

It is an injective Fatou coordinate of (p in the neighborhood of Bi{P). By using 
V'ff L p° V = ''Ph p + 1 we can extend ■0^ l p to Hl{x{P)). 

It looks hke -0^ ^ p depends on the choice of the base point P E . Neverthe- 
less the functions ipfj ^ p paste together to provide a Fatou coordinate ip^ i it is 
continuous in and holomorphic in H . 

Lemma 7.7. Denote = e^'^*^ o i/;^ ^ . There exists C > independent of P E 
such that 



< 



C 



in Bi (P) . Moreover we have 
for all zq G {0, oo} and all Q G Hl{x(P)). 



Proof. Denote x — X^°(-i) ^^d k = p/z — 1. We have lim||^||^^Q ||k||oo = (lemma 
I7.6|) . Thus we obtain 



H.L.P 



1 

2^ 



ln(l + k(z)) o e^^^*^ o V^,^ o 



< 



I'^llc 



for ||k||oo small enough. On the other hand we get 



< 



C 



for some C > and all z G Bi{P) (prop. 17. Analogously we obtain 

i.X 



for 2o G {0,oo}. We can suppose sup^j-Q ,5jj)xS(o,e) l^<(=l < 1/2- As a consequence 
given Q G Hl{x{P)) there exists /i;(Q) G N such that every Z G Bi{Q) is of the 
form ^°(J(^))(P') for some P' G Si(P) and j(^) G [-fc(Q), A:(Q)]. Moreover if 
j(Z) > then (^°(')(P') G Hl{x{P)) for < Z < j(Z) whereas for j{Z) < we have 
that (p°(-')(P') G Hl{x{P)) for < ? < -j(Z). 

Fix Q G Hl{x{P)). Consider Z G Bi{Q), we can suppose j{Z) > without lack 
of generality. This leads us to 

VH.LAZ)-^H.L{Z)^{rH,LAP')-^HAP'))~ E A^O^°W(p'). 

1=0 

Since |V'i,i(<p°('n^')) " V-h.lC^) + j(^) " ^1 < KQ)/"^ for all < / < j(^) then 

k{Q)C 



J{Z)-1 
1=0 



< 



il~k{Q)/2 + \Img{^l^{Zm 
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Now ^o(^) ^0,00 implies \Img{^p§j^{Z))\ 00. Thus we obtain 

for zo e {0, 00}. □ 

We prove next that iI}h,l.p depends only on x{P). 
Lemma 7.8. Let xq G [Q,5q)K'^. We have ^^lp = "^hlq ^'^ Hl{xq) for all 
P,Q H^{xq). We also have '^'^ l p ~ '^hl = '^hrq ~ r if ^0 7^ and 
{P,Q) & H^{xo) X H^{xq). Then {dp/dz){co) depends only on H and x{P). 

Proof. Let P, Q e H^{xq). We have Vh,l.p - ^h,l,q ^ HBi{P)) since 

i^H,L,P - '^H.L.,q) °V = Vh.L.P - '^H.L.Q- 

We define h = [ij^fj^L^p ~ ^h,l,q) ° {^h,l.p)°^'^^ ° l/{2m) Inz in C*. The function 
extends to a holomorphic function in P^(C) such that h{Q) = by lemma FTTI 
Therefore we obtain h = and then -ipfj l p ^ l q ■ 

We have {tpHL ~ "^h p)i^o,y) = b{^o) in H{xo) for some b{xo) e C. We define 
9=irH,L.p-rH,R,Q)oirH,L.pf~'^ol/i2m)lnzinC* = (e2--oVff,i,p)(F(xo)). 
By lemma I7n the complex function g admits a continuous extension to P^(C) such 
that g{0) — b{xo). We are done since then g = b{xQ). □ 

Here it is important the choice p{0) — 0, p{oo) — 00, p' (0) — 1. By replacing p 
by the canonical choice p(0) ~ 0, p{l) = 1, p{oo) = 00 in the definition of ipfj ^ p 
we would have t/jfj l p^ ^ff l q ™ general. 

Denote by ?/;^ ^ any of the functions "0^ ^ p defined in iJ^ . The definition of 
■0^ P is analogous. We denote by -01^ — 0^ the function defined in H which is 
given by the expression -0^ j — 1/)^ j in 7?; for / g {L, i?}. The definitions of ^, 
■0^ P and -0^ — 0^ allow to deduce asymptotic properties of those functions when 
approaching the fixed points without checking out that they are stable by iteration. 

Proposition 7.2. Letip e Difftpi(C^,0) with fixed convergent normal form expi^) ■ 
Fix p e q'^C^,^) and a compact connected set K'i^ C §^\-B^. Let H £ Reg{e, pX, K'^); 
the mappings (a;,0^^) and {x,4'h r) "^^g holomorphic in H and continuous and 
infective in and Hfj respectively. 

Proof. Consider P — {xo,yo) G H^. The mapping ao{x,z) depends holomorphi- 
cally on x. There exists a continuous section P{xi) £ [x ~ xi] for xi in a neighbor- 
hood V of xo in [0, So)K'^ such that 0f _^(P(a;i)) = i^H^L^P) and P[xo) = P. The 
mapping a — ip-^ ^ouqo (0^ maps B{P{x)) onto Bi{P{x)) and establishes 

a C°° diffeomorphism from B(P{x)) onto Bi{P{x)) for all x E V. The complex 
dilation x^o(-i) depends holomorphically on x e y and continuously on x £ V. 
Hence the dependance of the canonical solution p : P^(C) — > P^(C) of Xp = X{o(-i) 
with respect to x is continuous in V and holomorphic in V. In particular the func- 
tion X {dp/dz){x,0) is holomorphic in V and continuous in V. We deduce that 
p(x,z) — p(x, z)/{dp/dz){x,0) depends continuously on a; G and holomorphi- 
cally on X € V. Then 0^^ is continuous in UxevBiiP{x)) and holomorphic in 
a neighborhood of U^gyi?i(P(a;)). Since P can be any point of then ^ is 
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holomorphic m H and contmuous m Hl- Moreover {x,ipH v) injective in for 
V £ {L,R} since tpH^, is injective in the fundamental domains of type Bi{P). □ 

Corollary 7.2. Let ip G Diff tpi(C^, 0) with fixed convergent normal form exp(X). 
Fix II e e^io,-^) and a compact connected set K'^ C S^\B'^. Let H G Reg{e, fiX, K'^). 
The function x — s- {dp/ dz){H, x,oo) is well-defined and continuous in [0, (So)^x- 
It is holomorphic in {Q,5q)K'^ and {dp/dz)(H, 0,oo) ~ 1. Moreover we have 
{dp/dz){H,x,^) = lifHe Regi{e,iiX,K^). 

Proof. By the proof of the previous proposition we have that x — > {dp/dz){x,0) 
and X — > {dp/ dz){x, oo) are continuous in [0, 6q)K'^ and holomorphic in (0, 5q)K'^. 
The same property is clearly fulfilled by a; — > {dp/ dz){x,<x>). 

Consider P = exp(sX) (2.^^(0)) if iJ e Reg2{e, pX, K^) for aU s e R+. For 
H e Regi{e,pX,K'^) consider P = exp(sX)(r^5f (0)) for s e M+ if Re{-ipX) 
points towards H at T'^(O), otherwise we denote P — exp(— sX)(r^(0)) for 
s G M+. Then P is well-defined and belongs to H^{0) = Hl{Q) for all s € M+. 
Moreover \niQ^B(P) IV'^ tends to oo when s ^ oo. We obtain | |x^o(-i) | |oo 

when s ^ by lemma 17^ This implies {dp/dz){0,oo) = 1 by lemma 1731 The 
prove of {dp/dz){x,oo) = 1 in the case H G Regi{e, pX, K'^) is analogous. □ 

Proposition 7.3. Letip G Diff fpi(C^, 0) with fixed convergent normal form e'Xjp{X). 
Fix p £ e^^^''^^ and a compact connected set K'^ C §^\-B^. Let H £ Reg{e, pX, K'^); 
the function ■0^ — is continuous in H U [Fix(p O dH] . 

Proof. The function ■0^ — i/j-^ is clearly continuous in H. We define 

(V^-V'i)K^(i/(a;)))-^ln|^(i?,x,cx3) and (0^ - = 

for all X G [0, So)K'^ where In 1 — 0. The function {"ip^ ~ '4'H)\FixipndH is continuous 
by corollary!^ Let P G . From 

we deduce that 



C 

< — 



in Bi {P) for some C > independent of P G ^ . We can suppose that the function 
L provided by lemma 1731 is increasing. By varying P we obtain 

Wh-^h\ < -toe^~7rImg{i;§r)) + ^ , , , 

in n [Imgtp^ ^ > Jq] for some Jq > 0. An analogous expression can be ob- 
tained in by replacing V'hl with i^h r- Lemma 17.31 implies the existence 
of an increasing l' independent of P G such that limi^i^o '■'(Nl) = 
\p/z{dp/dz){oo)-^ - 1| < t'{l/\z\). We deduce that 



< 



1 , . . ,v C 



-l' oe^{TrImg{^P^^L)) + 
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in n [Imgip^ ]^ < — Ji] for some Ji > 0. Again an analogous expression can be 
obtained for . We deduce that 

(x,y)£H'-, \Irng{^^^{x,y))\->oo, {x,y)^{xo,yo) 

for K G {L,R} and all {xo,yo) € Fix(p D dH. This implies the continuity at 
(xo,yo) except when H G Regi{e, ^X, K^) or xq — 0. In particular we can suppose 
(V'^-V'ff)(a;o,yo) = 0. We have 

lim |V'i,«(a;,y)| = oo VKe{L,i?}. 

{x,y)£Hr,, (x,y)^(xo,yo) 

It is enough to prove that (-0^ - il^H)(H-n[\img^^_j<D])u{(xo,yo)} is continuous at 
(2^0j2/o) for all Z) e M+. Suppose k = L without lack of generality. There exists a 
function vd ■ ^ ]R>o such that limh^oo vnib) — oo and holding that given P 
in ff^n [l/rngV^il < D] then is contained in [li^^^^l > ^^c(l-Re(V'^^(P))|)]. 

The value \\p/z — l\\oo tends to when ||x5°(-i) ll|oo by lemma FTBl Moreover we 

have ||x5o(-i)ll|oo < K{H)/ {1 + VD{\Reiij§^r.iP)W^^^"^'^^ by lemma O The 
lemma ITTI implies that 

lim (^^ _ = = (^^ - ^l4)ixo,yo) 

{x,y)eH^n[\Img-4>fj,^\<D],{x,y)^{xo,yo) 

and then the result is proved. □ 

The previous proposition implies that by considering a smaller domain of defi- 
nition |y| < e we can suppose that supq^hI'^Ph ~ "^hHQ) small as desired for 
all H e Reg{e, fiX, X^) since (V'^ - V'h)(0, 0) = 0. 

Corollary 7.3. Let (p G Diff tpi(C^, 0) with fixed convergent normal form exp(X). 
Fix fi e g«(o,7r) Q^jifi d compact connected set K'^ C §^\-B^ . Let H € Reg{e, iiX, K^). 
There exists a unique vector field Xfj — Xfj{y)d/dy (continuous in H and holo- 
morphic in H) such that Xfj{^'fj) = 1. Moreover Xfj{y) / X{y) — 1 is a continuous 
function in H U [HO Fix(p] vanishing at H O Fixip. 

Remark 7.1. The Lavaurs vector field Xf^ has asymptotic development log(p until 
the first non-zero term in the neighborhood of the fixed points. That is a consequence 
of {\og(p){y) — X{y) E (y o ip — yY and the previous corollary. 

Remark 7.2. The construction of ipfj p or '4'hb.p ''^ ^i(^) depends only on 
getting small values of ||x^o(-i) ||oo- This condition is automatically fulfilled for 
sup5(o,(5)x_B(o,c) l^vl small enough (lemma \7.l^ . 



8. Defining the analytic invariants 

Now we define an extension of the Ecalle-Voronin invariants for ip G Diff tpi (C^ , 0) . 
It is the key to prove the main theorems in this paper. 

8.1. Normalizing the Fatou coordinates. Let (p G Diff tpi(C^, 0) with fixed 
convergent normal form exp(X). Fix G e'^°''^^ and a compact connected set K'^ 
contained in §^ \ B'^. There are 2v(ip) continuous sections T^^, . . ., y^^'^^'^^ of 
the set T^. We wiU always suppose that Tj\ . . ., t'/'''^'^\ t^2«.('^)+i ^ are 
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ordered in counter clock-wise sense. For all j G Z/(2i'((^)Z) there exists a function 
9j : B{0, S) R+ such that 

T'^'+\x) = Tj^ (x)e'''^ (") and T^^ (x)e'(°'''^ ("» n r^(x) =0 V.t e B{0, S). 

There exists a unique T^xi^) in rJ"'(a;)e*'-°'^J*^^'". Denote by Vj{x) the only value 
in (0,27r) such that T'^'P^^ix) = T^^(a;)e™^(^). We define as the element of 

Regie, ^iX,K^) such that T^^(a;) G dH{j){x) for aU a; e [0,(5o)X^. We define 
H{j)s — H{j)L if Re{X) points towards H{j) at T^xi^), otherwise we define 
H{j)s — H{i)ji. The region H € Regk{e, fiX, K^) appears k times in the sequence 
H{1), . . ., H{2i'{(p)). We denote by Hao{j) the element of Regoo{e., ^iX , K'^) such 
that rj^+^(x) belongs to d{Hoo{j){x)) for all x € [0,So)K^. 

We define the function (vix) — —■Kiv(tp)~^ J2p£(Fix^){x) Res{tp,P). It is holo- 
morphic in a neighborhood of 0. Fix jo G {1, . . . , 2i'{ip)}. Consider an integral V'j^ 
of the time form of X defined in the neighborhood of '^^^ extend it 

to H{jo)s by analytic continuation. In an analogous way we can define '4'fg+k ^-"^ 
H{jo + k)s for all fc e Z; we choose 'tpf^+ki'^^'x'^'^ i^)) ^e the result of evaluating 
the analytic extension of V'j^ + k(tp along the curve t — > 7"^^° (0)6**" for t e [0, 1] 
where k = ^2^=0 '"jo+ii^) if fc > and k — — X);^*! ^jo-'(O) ^'^^ k < 0. If Re{X) 
points towards H{j) at T'^^xi^) define 4'H{j) l ~ ^ otherwise we define 

'^H{j) R ~ "^f ■ construction we have i'fj^2v{Lp) = '^f ^ ^ ^■ 

We choose an element 71 = (y = ai{x)) of SingyX, we call 71 the privileged 
curve associated to X (or cp). We have X = u{x,y)Y\^^^{y — aj{x))^'d/dy for 
some unit u G C{x,y}. Denote by 7^ the curve y = aj{x) for 2 < j < N{ip). We 
look for functions ci, . . ., cn contained in C"([0, So)K'^) n i?((0, Sq)Kx) such that 

• ci = 

• Given 7j 7^ of if^) then (c^— Cfe)(a;) = I/(27ri) ln(9p/9z)(iJ, x, 00). 

By cor. 17.21 the reflexive edges of 0{iiX, K'^) do not impose any restriction. There 
is a unique solution a, . . cn since J\fG{^X, K'^) is connected and acyclic. We say 
that ci, . . . , CAT is a sequence of privileged functions associated to {X, ip, K'^, 71). 

Denote Jkij) = ^^'^{H{i)). We define a Fatou coordinate of V set 
H{i)s given by ipj{x,y) = i^f{x,y) + Cfe(j)(a;) We obtain that (V-J - V'f = Ck 
for 7fc G {a^-^ {H{j)),ijo^^ {H{j))}. Since given ■0j the function ij^"^ + c{x) is also 
a Fatou coordinate we normalize by fixing a privileged curve and the sequence of 
privileged functions attached to such a choice. 

8.2. Defining tlie clianges of ciiarts. Our aim is to define 

for j G 'L/{2v{if)'L). A priori it seems that this does not make any sense since the 
domains of definition of ip'^ and V'J+i ^re disjoint. Nevertheless we can extend those 
domains, the function will be defined in a strip. 

We denote D{ip) = Z/(2^((p)Z). We define 

Di{ip) = {j G Z/(2iy(^)Z) : Re{X) points at r'^(O) towards H{j)}. 
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The condition j G Di(ip) is equivalent to Re{—^X) pointing towards \y\ < e at 
{dH^ij) n [\v\ = e]) \ T^^. We denote = D{^) \ D^{^). 

Suppose without lack of generality that j G D-i{ip). There exists a constant 
W £M+ such that \Re{il:f{B) - ijjf {A))\ < W for aU A,B e H^{j){x) and 
all X e [Q,5o)K'^. Denote Im{x) = Img{il^f {T'jl'"^^ [x))). We obtain that every 
Q e Hooii) n [Imgtltf > Im] fulfills [-W, W] C It{X, Q, \y\ < e); we obtain 

exp((0, W)X){Q) n H{j + 1) 7^ and exp((-W^, 0)X)(g) n H{j) ^ 0. 

Denote r/(a::) = r{iJ,X,T^'j^(x),\y\ < e). We define the strip Stj{x) enclosed 
by Tj and ip°^~^^ {Stj{x)) whereas Stj^i{x) is the strip enclosed by Tjj^i{x) and 
ip{Tj+iix)) for aU x € [0,So)K^. 

The functions ipf — ipf- are bounded in H{l)s and continuous at the curve 
u;>'^{H{j)) for Z e + 1} (prop. [T^. Suppose that supb(o ,5)^b(o_,) |A| < 1/2. 
It is easy to see that ^/jJ can be defined by iteration in the set Ej given by 

Ejix) = {[Stj+i{x) U Hoo{j){x))] \ Fixip) n [/mg(V'f ) > /m(a;) + 1 + M^] 

for x g [0, (5o)^''jf • The function ^J(a;,.) is injective in the simply connected set 
H{j)s{x) U Ej{x). Moreover since we only need a finite number of iterations the 
function ipj" — t/jj^ is still bounded in Ej and continuous at the curve a;''^(iJ(j)). 

There exists / e M+ such that is defined in 

X n [Img{z) > I]. 

Since we have (a;, z + 1) = (x, z) + 1 then is defined in Imgz > I. 

The value of 

at the curve ^kU) = ^^^{H{j)) is Cfe(j) - Cfe(j) + C,v ^ Cv^ t^^us admits a 

expression of the type (a;, z) = z + (^^{x) + J2'ili aj; (a;)e^'^*'^. In particular 

the function aj^ is continuous in [0, So)K'^ and holomorphic in (0, 5o)K'^ for all 
I e N. The case j G Di{(p) is analogous. The previous discussion implies: 

Proposition 8.1. LetipG Difftpi(C^,0) with fixed convergent normal form e'Xjp{X). 
Fix fi G e*^''''^'' and a compact connected set K'^ C S^\B'^. Then there exists I € R'^ 
such that for all s G {—1, 1} and j G Ds{ip) we have 

• °(^'^ + l) = (^ + l)°C,i^-• 
• ^i,K- e C'\[0,do)K^ X [simgz < -I]) nd{{0, 6o)k^ x [simgz < -/]). 

• lim|/mg(^)Hoo 'C^^KM (a;, z) ~ (z + C^{x)) = 0. 

Let orbH,j{if ) be the space of orbits of f\H{j)s ^0) G -^^^(e, ^X, X^). 
The mapping 6^ : orhnji^p) ^ [0,(5o) x pi(C) given by 6^ = (a;,e2'^*^ o Vj) is 
continuous everywhere and holomorphic outside of a; = 0. We define the fi-space 
of orbits of f at K'^ as the variety obtained by taking an atlas composed of charts 

Wj ~ [0,6o) X V\C) for j G Z/(2i/((/j)Z) and the changes of charts O^+i o 9°^"^^ 
identifying subsets of orhnjif) and orbH,j+i{<f) for all j G Z/(2i/(y))Z). 
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Let j e Dsiip). The trajectory t exp(siX)(T^^(0)) (for t e M+) adheres to a 
direction A{ip,j) G Ds{(p\x=o) when t — s- oo. The mapping A{ip) is a bijection from 
Z/(2i/(i^)Z) to Z)(i^|j.=o)- The restriction of the changes of charts to x = provide 
the EcaUe-Voronin invariants of ip^^^Q. 

Corollary 8.1. Let ip € DifFtpi(C^, 0) with fixed convergent normal form exp(X). 
Fix jjL £ e*^°''^^ and a compact connected set C \ Bj^. Then the functions 
(0, z) (j G TLj {2v{ipY£)) are the changes of charts of tp^^^Q. Indeed we have 

e^,K^jO,z) ^ for allj e Z/(2z.(^)Z). 

We have extended the EcaUe-Voronin invariants to aU the hnes x — cte in a 
neighborhood of a; = even if in general they do not support elements of Diff i (C , 0) . 

8.3. Nature of the invariants. Let X e Atpi(C^,0). In our sectors [0,6o)K^ 
the direction /i e §^ providing the real flow Re{^X) is fixed. The analogue in 9; is 
allowed to vary continuously. Such a thing is also possible with our approach. 

More precisely we want to find connected sets E <zE>^ and a continuous function 
fj, : E e*(°''') such that fi{X) ^ Bx,x (see subsection EHJ for aU X € E. A 
maximal set with respect to the previous property will be called a maximal sector. 
The idea is that for every compact connected set K contained in a maximal sector 
there exists 5o{K) > such that Re{^{X)X)^,.x^y)£[o,So{K))xKxB{o.<i) has a simple 
stable behavior. Thus the maximal sectors provide sectorial domains of stability. 

Let (p S Difftpi(C^,0) with convergent normal form exp(X). Consider x G AM+ 
and /iOiMi iii the same connected component J of e'^"'^-' \ Bx,\- We claim that 
there exists a compact connected neighborhood K = K'^ = K'^ of A in such 
that = ^^,1 for all j G Z. Then we can define changes of charts ^(a;, z) 

which are continuous in [x G [Q,5q{K))K] n [simgz < — /] and holomorphic in its 
interior for j G Dg{ip) . Roughly speaking this is a consequence of the continuous 
dependance of the regions on /i G J. The choices of /i-spaces of orbits of p at 
X G AR+ are at most the number of connected components of e^^'^'^^ \ Bx^x- 

It is remarkable that the dependance of Bx,x with respect to A is not product-like. 
For instance i?^j^gie(X) = e^''™-^^^ Bfj^x{x) for a magnifying glass Mp associated to 
X . Hence the points of Bx,x turn at different speeds. 

There are much simpler cases. The diffeomorphisms considered in ^ are of the 
form <p{x,y) = {x,y — x + ci{x)y'^ +0{y^ j) where ci(0) ^ 0. They consider also its 
ramified version p = {w^^^ , y) oipo (w^, y). Given a convergent normal form exp(X) 
of ip it is easy to see that jJ-Bx.A — 1 for all A G Then there are two choices of 
//-space of orbits in general. There are two maximal sectors, they are of the form 
Xge^io,-^^) for XoeBj^. In the X coordinate only one sector is required to cover S , 
it describes an angle as close to 47r as desired. We obtain the same division in the 
parameter space than in 0; nevertheless our techniques can be applied to every 
unfolding of tangent to the identity germs and not only to the generic ones. 

8.4. Embedding in a flow. Let p G Diff tpi (C^, 0) with fixed convergent normal 
form exp(X). We say that a sequence K'^^ , . . ., K'^^ of compact connected subsets 
of S"'^ is a EV-covering if 

• fij G e*("^'^) and K'^' C \ B'^' for aU j G {1, . . . , 0- 
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Such a covering exists. We have B^^ n B'^ — for k e §^ in the neighborhood of i. 
Fix such K, then we can choose a EV-covering such that {/ii, . . . , fn} C {«, k}. In 
the trivial type case we can choose K^^ = §^ as the only element of the EV-covering. 

Remark 8.1. The definition of EV-covering does not depend on the choice of the 
convergent normal form but on Fixip and Res{ip) (remark \6.4^ . 

Proposition 8.2. Letip G Diff fpi(C'^, 0) with fixed convergent normal form e'XjplX). 
Fix /i g e*^'^''^-' and a compact connected set K'^ C §^ \ B'^. Then tp is analytically 
trivial if and only j/^^ = z + for all j G TLj {2v(ip)%). 

Proof. The sufficient condition is obvious. The functions — ip-^ paste together 
for H E Regie, fiX, K^) in a function J defined in [Q,do)K'^ x 5(0, e') for some 
< e' < e. Moreover J is continuous in [0, 6o)K'^ x B{0, e') and analytic in its 
interior (prop. I7.3|l and satisfies J — J o (p — A^. By Cauchy's integral formula we 
obtain \dJ/dy\ < M in |?;| < e'/2 for some AI > 0. We define the vector field 



X{K 



Xjy) d ^ Xjy) d 
^' l + X{y)dJ/dydy l + X{J)dy' 



it coincides with (see cor. ESJ for H e Reg{e, ^iX, K'^). Since X{K'^){'ipf) = 1 
then (fi = exp(X(i^^)) in [0, So)K'^ x B{0, ei) for some < ei < e'/2. 

Consider a minimal EV-covering Ki = K'^, K2 = K'x : ■ ■ ■, Ki = K'^ . Consider 
Kb such that Ki n Kb 7^ 0- We define ipfjj^ = Vh.l + J and V^^^ = ■(/'i.fl + J 
in [Q,6o){Kx n Kb) x 5(0, ei) for all H e Reg{e, iJ,bX,Kb). Since J - J o 93 = 
then V'^^, and V'h a are Fatou coordinates of iy9 for if g Reg{e, fibX,Kb). We 
obtain = z + Cip for j G Z/(2i/((p)Z) in a; G -fiTi n iiTb and then in x G i^b by 

analytic continuation. Analogously to X{Ki) we can construct a vector field X{Kb) 
such that ip = exp{X{Kb)) in [0,SQ)Kb x i?(0, e^) for some Cb > 0. Moreover the 
construction imphes that X{Ki) = X{Kb) in [Q,5o){Ki n Kb) x 5(0, min(ei, e;,)). 
Finally we obtain Y G ^"(€2,0) of the form Y = X{y){l + X{y)A)d/dy for some 
A G C{a;, y} such that ip — exp(F). Since Y is nilpotent then logtp — Y. □ 

9. Complete system of analytic invariants. Trivial type case 

We suppose throughout this section that I{Fixip) = (y) for all (p G Diffpi(C^, 0) 
with Fixip of trivial type. This is possible up to change of coordinates [x , y + h(x)) . 

Lemma 9.1. Let ip G Diffpi(C^,0) such that Fixip is of trivial type. Then 
{log(p){y) belongs to i9(i?(0, (5))[[y]] for some S G M+. 

Proof. Suppose that ip is defined in B{0,d) x B{0,e). Denote by 8 the operator 
p - Id. We have {logp){y) - Ej=i(-l)^^^0°'^''(y)/i ^ (y''('^)+'+i) by the proof 
of proposition We are done since 8°'^^ ■*(?/) is holomorphic in the neighborhood 
of B{0, 6) X {0} for aU j G N. □ 

Let pi,p2 G Diff)3i(C^,0) with common convergent normal form such that 
Fixpi is of trivial type. We define a{Lpi,p2) = o'{pi, Fixpi). We say that 
(t((/3i, (^2) is the privileged formal conjugation between pi and ip2. By construction 
we obtain that y o a{(fii, P2) — y & (y"^'^^'''^^). 

Lemma 9.2. Let pi,p2 G Diffpi(C^,0) with common convergent normal form and 
Fixpi of trivial type. Then y o (T((pi, P2) G ^^(-^(0, <^)) [[?/]] for some 5 G M^. 
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Proof. We have (log iy9i )(?/), {\ogip2){y) £ 'd{B{0, 6))[[y]] for some S G M+ by lemma 
O Consider (3 G C[[x,y]] such that d(3/dy = l/l\ogipi){y) - l/(log(^2)(2/) and 
(3{x,0) = 0. We deduce that /3 and then y o (7(931, </J2) belong to i?(i3(0, by 
proposition □ 

Lemma 9.3. Let ip e DifFpi(C^, 0) such that Fixip is of trivial type. Then yo-ro((/?) 
belongs to i?(B(0, (5))[[y]] for some 6 

Proof. Denote = '^{f) and X = i/'^+^/(l + Res{(p, {x,0))y'')d/dy. Consider a 
convergent normal form exp(Xi) of (p. We obtain that exp(X) and exp(Xi) are 
conjugated by some ctq £ Diffp(C^; 0) (prop. I5.2|l . We have that 

foiv) = a(exp(Xi), ^) o ao o {x, e^W^^M^) o a^^-^'^ o <T(exp(Xi), ^Y^'^l 

Now yo a{exp{Xi),(p) belongs to i3(i?(0, (5))[[y]] for some S G by the previous 
lemma. Therefore y o To{(p) belongs to {}{B{0, d))[[y]]. □ 

Let If G Diffpi(C^, 0). Suppose that Fixip is of trivial type. We define ip^ as 
the germ of >p\x=w i^i the neighborhood of y = 0. 

Fix a convergent normal form exp(X) of ip. We choose an EV-covering with a 
unique element K^^ = S*. We denote by either or ^(^'■'^'■'''. We have that 

is holomorphic in B{Q, Sq) x [simgz < — /] for some / G M+ and all A G Dg{ipQ) 
by proposition 18. II We obtain that is of the form 

00 

e^(x, z) = z- mResi^, {x, 0))/v{p) + al^{x)e-^-^^^^ 

k=\ 

where X]fc°=i '^JfcC^^)^'^ an analytic function in a neighborhood of (.t, w) = (0,0). 
A different choice of convergent normal form or homogeneous coordinates provides 
new Fatou coordinates -0^(0;, z) +i(x) for some t G C{a;} independent of j G D{ip). 
The changes of charts are unique up to conjugation with z + t{x) for some t G C{a;}. 

Let 1^1, (^2 G Diffpi(C^, 0) with common convergent normal form exp(X). We al- 
ways suppose that their Fatou coordinates are calculated with respect to a common 
system of homogeneous coordinates. Since tq{ip2) and CT{ipi,ip2) depend analyti- 
cally on X by lemmas 19.31 and 19.21 then there are parameterized versions of the 
results in subsections 14 . 21 and We obtain: 

Proposition 9.1. Let(pi,ip2 G Diffpi(C^,0) with common convergent normal form 
exp(X). Suppose that Fixipi is of trivial type. Then ipi ~ ip2 if and only if there 
exists {k,t) G Z/(iy(X)Z) x C{a;} such that 

(6) ^^^+'''{x,z + t{x))^{z + t{x))o^^;^^{x,z) VjGi?(^i). 

The equation\^is equivalent to Z^'* o (7(931, (^2) G Diff (C^,0) where k = ^"^Trik/i^ix) ^ 

Let (pi,(p2 S Diffpi(C^,0) with Fixipi — Fix'p>2 of trivial type. We say that 
m,p-^{w) = mip^{w) if (v3i)to ~ {ip2)w We denote Inv{(pi) ~ Inv{ip2) if there exists 
{k{x),d{x)) G Z/{u{X)Z) X [\Img{z)\ < I] such that 

C^f ^-(-Ha;, z + d{x)) = (z + d{x)) o (x, z) Vj G i?(^i). 

for all a; 7^ in a neighborhood of and some / G M+. Consider the set 

Esi^) = {(j.k) G D^iip) X N s.t. ^ 0}. 
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We define E{ipi) = i?_i((p)Ui?i((y3i). The definitions of E^i{ipi), Ei[(pi) and E{(p) 
do not depend on the choice of homogeneous coordinates. 

Proposition 9.2. Let tf\^<^i G Diffpi(C^,0) with Fixipi — Fixipi of trivial type. 
Then we have ipi ^ ip2 if and only if Inv{ipi) Inv{ip2). 

This result provides a complete system of analytic invariants in the trivial type 
case; it is composed by the changes of charts modulo uniform changes of coordinates. 

Proof. The condition Inv{ipi) Inv{ip2) implies in particular Res{Lpi) = Res{ip2). 
Let aj be a convergent normal form of ipj for j £ {1,2}. Thus ai and a2 are 
conjugated by cr g Diffp(C^,0) (prop. I5.2|l . By replacing (p2 with o'"'-"^'' o (p2 o a 
and ^^^{x, z) with (z + t{x)) o o (x,z — t{x)) for all j G E>{ip2) and some 

(fco, t) G Tjj (y{XyL) X C{a;} we can suppose that 931 and (^2 have common convergent 
normal form exp(X). We can also suppose that log 1^1 ^ A'(C^,0), otherwise we 
get (/3i ~ (/32 (prop. I5.2|l . Suppose there exists / G such that 

Cjf'=(^)(.T,z + d(a;)) - (z + d(x))o^J^(a:,2) Vj G i^(¥.i) 

for some {k{x),d{x)) G 'L/{v{X)'L) x [|/to5z| < /] and all x 7^ 0. We choose 
k G "L/ {v{X)'L) such that [k{x) — k] is uncountable in every neighborhood of 
and xo G [k{x) = k] \ {0} such that aJj(a;o) ^ for all {j,l) G i^((/?i)- Fix 
UoJo) e since e-^-'o/ < \al\^i^ijal\j{0) < e^^'«' then there exists 

a holomorphic function m defined in an open set containing and xq such that 
m{xo) = dixo) and aj;+2fc,io/<,io = e^^-'o™. Since for all {jj) G i;.'((^i) and 
s' G {-1, 1} we have (aJ„V2fc,io/'^io^)'' = (ai+2fe,i/aij)'''° t^en m does not depend 
on the choice of (jo, ^o)- We obtain that Z^'™ o a{(pi, tf2) is an analytic mapping 
conjugating Lpi and ip2 by proposition 19.11 where k — g^'^^k/uix)^ q 

Corollary 9.1. Let(pi,ip2 G Diffpi(C^,0) such that Fixipi = Fixip2. Suppose that 
Fixifi is of trivial type and that \og(ipi)o ^ X (C,0). Then ipi ^ Lp2 m^p-^ = m^p^. 

Proof. There exists {jo Jo) € Esifi) such that (0) 7^ 0. There also exists 



for some {k{x), d{x)) G Z/ (y{X)lj) x C and all a; in a neighborhood of by hypoth- 
esis. We deduce that Imgd is bounded. Thus we obtain Lpi ^ </J2 (prop. 19.2(1 . □ 

We say that 77 is a r-mapping if 77 is a biholomorphism from -0(0, r) onto ri(B{0, r)). 
If r]{B{0, r)) is contained in -8(0, R) then we say that 77 is a rR-mapping. 
Next we provide a geometrical interpretation of the system of invariants. 

Proposition 9.3. Let (pi,(p2 G Diffpi(C^,0) such that Fixipi = Fix(p2- Suppose 
that Fixipi is of trivial type. Then ipi ~ ip2 if there exist r G aTid a r-mapping 
r]x conjugating {(pi)x o-nd {(p2)x for all x in a pointed neighborhood of 0. 

We do not ask 77^; to have any kind of good dependance with respect to x. 

Proof. By proposition 14.11 we have that v{'^i) ~ >^{'P2) and Res{(pi) = Res{(p2). 
Let aj be a convergent normal form of cpj for j G {1,2}. Let ( G Diffp(C^,0) 
be the mapping conjugating ai and a2 provided by proposition 15. 21 The mapping 



{jiJo) e Es{ip2) such that aj^';^(0) ^ since 777^1(0) 



7)1^2(0). We have 
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Cx^ °Vx conjugates difFeomorphisms with common convergent normal form {ai)x- 
We obtain \idiC''~^^ or]x)/dy){0)\ = 1 fnron. lOl. Denote 6(a;) = {dT]a;/dy){0). We 
have that rix(ry)/{rb{x)) is a SchUcht function for all a; in a pointed neighborhood 
of 0. By the Koebe's distortion theorem (see 0, page 65) we get 



sup \rix{y)\ < r\b{x)\ sup 

yGS(0,ri) yeB{0,ri/r) 





< r 


rh(x) 





dy 



(.T,0) 



ri/f 



(1 - ri/r)2 
,(-1) 



for all ri < r and all x in a pointed neighborhood of 0. We deduce that C,x^ ' orj^ 
is a rR-mapping for some R G M+ by considering a smaller r > if necessary. By 



replacing (^2 with (^°^ -^"^ o o and rjx with Q 



o(-l) 



rjx we can suppose that ipi 



and (p2 have common normal form. 

The mapping 77^, is of the form Z^^J™^ o (t((93i)„,, ((/32)iu) since it conjugates 
{(pi)w and ((^2)iii where {K{'w),d{w)) belongs to < e27ri/i'((pi) ^ ^(j^ j-^j, g^jj^ tx; in a 
pointed neighborhood of 0. We want to estimate d{x). We have 

for all w ^ 0. The series [{\ogip2){y)/y''^'^^^^^]{x,0) is a unit of C{x} by lemma 
O Moreover y o Z^f £ i?(B(0, (5))[[?/]] for all k e< e'^'"'/"^^^^ > and some S gR+ 
by lemma 1^21 Since 



(0) = 



1 



y°Vx{y) 

\y\=r/2 y 



{iy{(pi) + 1)! dy'''^vi)+i 
then d is bounded. We deduce ipi ~ 932 by proposition 19. 21 



< 



□ 



10. Applications 

In this section we complete the task of classifying analytically the elements of 
Diffpi(C^, 0). Moreover given (pi ~ 952 we provide the formal power series devel- 
opments of the conjugating diffeomorphisms. We also relate the analytic class of 
ip E Diffpi(C^,0) and the analytic classes of the elements of {v|a:=a;o}a; ^^(o s )' 

10.1. Uniform conjugations. We denote by Diff 2;pi(C^, 0) the subset obtaining 
by removing from Diff fpi (C^, 0) the elements with fixed points set of trivial type. 
We want to identify how an analytic conjugation between elements of Diffa;pi(C^, 0) 
acts on the changes of charts. We remind the reader that N{X) is the number of 
points in (SingX)(xo) for xq generic in a neighborhood of 0. 

Lemma 10.1. Let X e X(C^,0) with N{X) > 2. Fix r > 0. There exists a 
function R : (0, r) — > IR+ with limb^o Rib) = such that all r-mapping k holding 
i^\{SingX){xo) = ^d, IS a riR{ri) -mapping for xq ^ in a neighborhood V{ri) ofO. 

Proof. Let 7i(a;o) and 72(2^0) be two different points of (SingX){xQ). We define 
/ ^ ^ K{{r- |7i(xn)|)^ + 7i(a;o))-7i(xo) 
"'^^^ (r-|7i(xo)|)(a^/92;)(7i(xo)) " 

Then ki is a Schlicht function. Denote v{xo) = (72(a;o) — Jiixo))/{r — |7i(a;o)|). 
We have ki{v{xo)) = v{xo)/{dK/dy){'ji{xoj). Koebe's distortion theorem (see [2], 
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page 65) implies \[dn/ dy)["fi{xQ))\ < (1 + |u(xo)|)^. We have 

sup < (r - |7i(xo)|)(c'k/9?/)(7i(xo)) sup |Ki(y)| + |7i(xo)| 

aeS(0,ri) yeB(0,A(ri)) 

where A{ri) = (ri + |7i(a;o)|)/(r — |7i(xo)|). Since again by Koebe's distortion 
theorem we have supyg^(Q^(,.^)) < ~ A{'i'i)Y then the value R{ri) 

can be chosen as close to ri/(l — ri/r)^ as desired. □ 

The last lemma implies that in our context the existence of r and rR conjugating 
mappings are equivalent concepts. 

Lemma 10.2. Let </Ji,</?2 S DifFa;pi(C^, 0) with common convergent normal form 
exp(X). There exist an open set G C C and D(r,R) € such that a 
rR-mapping k conjugating {^i)\x=xa f^iT-d i'P2)\x=xo ca?i be expressed in the form 
V + X{y){xo,y)J^{y) where sup5(o^) | < D{r,R) for all Xq E V \ {0}. 

Proof. Denote X{y) = u{x, y){y — 7i(x))"i _ (^y — 77v(a;))"" where u G C{a;, y} is 
a unit. By hypothesis we have k = y + {y ~ 71(2:0)) . . . (y — ^n{xo))A(jj) for some 
A G i?(i?(0,r)). By the modulus maximum principle we obtain 

sup = lim sup y TT — --J < 



B{o,r) *^'-yeB(o,s) 1(2/ - 7i(a^o)) ■ • ■ (2/ - 7Jv(a;o))| 

for all xo in a pointed neighborhood of 0. We have that 



|j(7jK))-l 



<^n^ n i7,K)-7fcMi. 

^ k€{l,...,N}\{j} 

Fix j e {1, . . . , N}. We claim that {y — jj{xo))^^ divides k. We can suppose nj > 1. 
Denote by C2 and v the germs of diffeomorphism induced by {fi)\x=xa: {f2)\x=xo 
and K respectively in the neighborhood of xq. We have v = o a{Ci , C2) for some 
t e C and A = {dK/dy){-fj{xo)) e< e^'^'/^":'^!) > (prop. OJ. This implies A = 1 
for Xq in a neighborhood of since N > 2. Thus y o K~y E {y ~ 7j(a;o))"^ • Denote 
Jk — {'i^y)/X{y)\x=xoJ it belongs to ??(i3(0, r)). Analogously than for A we obtain 
sup3(Q I J„,| < D{r, R) for some D{r, R) e IR+ and all xq ^ 0. □ 

Lemma 10.3. Let ipi,ip2 G Diff a;pi(C^, 0) with common convergent normal form 
exp(X). Fix r, R in IR+ and < ri < r. There exist M(r, R^ri) G M.^ and 
a neighborhood V G <C of such that a rR-mapping k conjugating tpi [xq , y) and 
^2{xo,y) satisfies svl^iq^q J. \dK/ dy—l\ < M{r, R,ri) for all xq G y\{0}. Moreover 
we have limn^o -^^(''i Rt^i) — 0- 

Proof. Denote X{y) = u{x,y)Y[J^i{y — 'J j{x))"^ where u G C{a;, y} is a unit. By 
lemma [T0.2I we have that k is of the form y + A{y)Y\^^^{y — 7^(2:))"^ for some 
A G i9{B{0, r)). We have supB(o_^) \A\ < H{r, R) for some H(r, R) G K+ and aU 
in a pointed neighborhood of 0. Fix < ri < r. Cauchy's integral formula implies 
suPyGS(o.ri) \dA/dy\ < H{r, R)/{r - ri). Thus we get 



< H{r,R){v{X) + l)(2ri)'^(^) + il^!1^^2r,) 

r — ri 



for y G 5(0, ri). We define M{r, R,ri) as the right hand side of the previous 
formula. Clearly we have hm^^o M(r, R, n) = 0. □ 
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Given a rR- conjugation k, we can suppose that sup^jQ ^-j \dK/dy — 1| is as small 
as desired just by considering a smaller r > independent on xo- We will make this 
kind of assumption without stressing it every time. We define Kt{y) = y+t{K{y) — y) 
for y e 5(0, r) and t e C. 

Lemma 10.4. Let ipi,f2 G Diff 2:pi(C^, 0) with common convergent normal form 
exp(X). Fix r, i? G M+. There exist < ri < r and an open set G V C C such 
that for all rR-mapping k conjugating ipi{xo,y) and ip2{xa,y) and all xq Cz V \ {0} 
we have that Kt is a riR-mapping for all t £ _B(0, 2). 

Proof. We can choose < ri < min(r, R/7) such that sup^^p ri) {dn/dy — 1| < 1/4 
by lemma [10.31 Therefore we obtain sup^^Q^^-j |k| < 2ri for all xq in a pointed 
neighborhood V{ri) of 0. This imphes sup5(o,ri) l^^tl ^ '^^i < foi' * G B{0,2). 
Moreover since sup^jo.n) Idnt/dy — 1| < 1/2 then Kt is injective and hence a riR- 
mapping for all t e B{0, 2). □ 

Let tp-^ be a holomorphic integral of the time form of X. We can define the 
function o K{x,y) — 4''^{x,y) in an analogous way than A^. The continuous 
path that we use to extend il)-^ is parameterized by i — > Kt{x,y) for t £ [0, 1]. The 
function ok — ip-^ is well-defined and holomorphic in -6(0, r) \ SingX . 

Lemma 10.5. Let 931,932 £ Diffa;pi(C^, 0) with common convergent normal form 
exp(X). Fix r, R in M+. Then there exist < ri < r and C{r, R) > such that we 
have sup3(o,ri) l''!'^ ok — tp^\ < C{r, R) for all rR-mapping k conjugating ipi{xo,y) 
and ip2{xo,y) and all Xq in a pointed neighborhood of 0. In particular we obtain 
that o K-ip^ belongs to '&{B{0, ri)). 

Proof. Denote X{y) — u[x, y)[y — 7i(a:))"i . . .{y — 7Ar(a;))"" where u £ C{x, y} is 
a unit. There exits a positive real number H{r, R) such that 



-dt^y^ 



< ^^'''f\ \X{y)oKt{y)\ 
\uoKt{y)\ 



nf=i(2/-7,(xo)^ 



n^i(y-7j(a;o))"^ oKt(y) 



for aU y £ B{Q,r) \ {SingX){xQ). Denote C{r,R) = 2''^^'>+^H(r,R)/ miB(o,R} 
Since i^iX) > 1 there exists < ri < r2 < r and a neighborhood F of such that 
exp(B(0,C(r,i?))X)(t/ x B(0,ri)) C x B(0,r2) and 

\y - 7,(xo)| < 21(2/ - j,{xo)) o Kt\ y{y,t,j) £ 5(0, ra) x [0, 1] x {1, . . . , N}. 

We obtain 

\dKt/dt\ (y) < C{r, R)\X{y) o Kt{y)\ V(y, t) £ {B{0, ra) \ {SingX)ixo)) x [0, 1]. 

We deduce that \iP^ ok- ip^Hy) < C{r, R) for aU y £ B{0, ri) \ {SingX){xo). By 
Riemann's theorem tp^ ok — ip^ belongs to d{B{0, ri)). □ 

The next results are important. Later on they will allow us to establish the 
connection between the formal and analytic conjugations. 

Lemma 10.6. Let Y £ X(<C,0). Consider an integral of the time form %p of Y. 
Suppose that k £ Diff (C, 0) satisfies that ip o n - ^ belongs to Cj?/}. Then we have 
{dK/dy){0) = e('''°'^-''')(°)(^'^(2')/^?^)('^). Supposed {dY{y)/dy){0) = we also obtain 

d-'(Y)+^K d''^^'>+^Y(y) 
^-^(0) = (V.o.-^)(0)^-^(0) 

and {d^K/dy^){0) = for all 2<j< v{Y). 
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Proof. Denote A — {dY{y)/dy){0). We have that ipoK — ip is of the form d+L{y) for 
some d S C and i S {y). Suppose A 7^ 0. Then -0 is of the form (lny)/A+_B(2/) in the 
neighborhood of where B e C{y}. Therefore we obtain d = {\n{dK/dy){0))/ X. 
Suppose A = 0. We obtain K{y) = exp{{d + t)Y{y)d/dy){y, L{y)). This imphes 
'^(y) ^ y + dY{y) + 0(t/'^(^^+^). The resuh is a consequence of last formula. □ 

Every (j) £ Diff (C, 0) such that {d(f)/dy){0) is not in e'^^''^ \ {1} has a convergent 
normal form. If the linear part is the identity is a consequence of proposition 13. 31 
Otherwise it is clear since (p is formally linearizable. 

Corollary 10.1. Let e Diff (C,0) \ {Id} such that {d(t>/dy){Q) ^ e^^^Q \ {1}. 
Consider a convergent normal form exp(y) 0/ 0. Let ip a holomorphic integral of 
the time form ofY. Suppose thatipov — ip belongs toC{y}n{y) for some v € Z{(j)). 
Then we have v = Id. 

Proof. By lemma [TO.GI we have j^u = Id. Moreover, if {dcp/ dy){i)) ^ 1 then v = Id 
(prop. 14.2(1 . Suppose {d(j)/dy){0) = 1, then we have y o v — y £ (y'''^-'^^) (lemma 
MM- We obtain v = &{(f), (f>) = Id. □ 

Lemma 10.7. Let ipi,ip2 € Diffpi(C^,0) with common normal form exp(X). Fix 
7 = (?/ = 71 (a;)) €: SingyX and c € C[[x]]. Then we have 

9(exp(clog^2) ° a{ipi,ip2,l)) . ^ _ ^c(.)^i^i.,M^)) ^ 

dy 

Supposed {dX{y)/dy){x,^i{x)) = we also obtain 

g^^x(7)+i(exp(clogy2) o a(^i, ^2,7)) , . 9--x(7)+ix(^) 
^^,^(^)^, {x, 71 (^)) ^ c{x) ix, 71 (x)) 

and (9-' (exp(clog(^2) o o-{(pi, (p2, j))/dy^){x, 71(2;)) = for all 2 < j < i^xij). 
Proof. Since y o a(ipi, (p2:j) ^ y G /(^)'^x(7)+2 jg enough to prove the result 

for exp(c(x) \0g1p2). We denote X — log(/?2, the equation 

f: ^^^^(.,7i(x)) ^ E ^^(->7i(x)F ^ e^(^)^(--(^» 

implies the first part of the lemma. Suppose {dX{y)/dy){x,ji{x)) = 0. Since 
X{y) - X{y) e {yoip2- y f C (y - 7i(a;))2''^('^)+2 ^j^g^ obtain 

J/ o exp(c(x) log ^2) -y = c{x)X{y) + 0{[y - 71 (2^))"^' ^^^+')- 
The rest of the proof is trivial. □ 

10.2. Analytic classification and centralizer. Let ^pl,^p2 G Diff j:pi(C^, 0) with 
common convergent normal form. Given a formal conjugation t) G Diff p(C^, 0) we 
express the condition fj E Diff (C^, 0) in terms of the changes of charts. 

Proposition 10.1. Let Lpi,Lp2 G Diff j;pi(C^, 0) with common convergent normal 
form exp(X). Fix fi G e^^^'^^ and a compact connected set K'^ C \ B'^. Fix a 
privileged curve y — 71(2;) associated to X. Consider a r-mapping k conjugating 
{fi)\x=xo and {ip2)\x=xo- ^^^'^ 'i^'^e 

^^,M-^ (^0, z) = {z + c{x^)) o (xo, z)o{z- c{xo)) Vj G Z/{2v{X)'L) 

for all xq G (0, &i^)K'^ where c{xq) — ok — ip^){xo,ji{xo)). 
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Proof. Suppose that k is a rR-mapping by taking a smaUer < r < e if necessary 
Qeniina [l0.1|l . Denote X = it(a;, y) nfeLi(?/ ~ lk{x))^'' d / dy where u £ C{x,y} is 
a unit. Let c^, . . . , c^y be the privileged functions associated to {X, (pi,K'^, 71) for 
I e {1,2}. Consider the sections T^;^, . . ., T^x^^^ Denote by H{j) the unique 
element of i?eg(e, ^xX, K'^) such that T''^^{x) € dH{j)(x) for all x e [0, So)K'^. Let 
< ri < r and C{r, R) E M+ be the constants provided by lemma IT (J. 51 We choose 
ri such that exp{B{0,C{r, R))X){\y\ < n) C (|y| < e), we obtain K{H{j)') C H{j) 
for all j G Z where H{jy is the element of Reg{ri, fiX, K^) contained in H{j). 
We define = -0/^ ° for e Z. Since 

- V'f = (V'J^ - V-f ) o ^ + (v-f o ^ - ) 

then "V'j^ is continuous in H {jY (xq)^ {dH (j)' {xo)r] SingX) by proposition l7.3l 
and lemma [To. 51 Therefore (0j^ — i/jJ^){xo, y) is continuous in dH{jy{xQ) n SingX 
and then constant. Clearly can be extended by iteration to a Fatou coordinate 
of (fii in H{j){xo). We have that a^-^{H{j)) and uj'^'^{H{j)) are equal to curves 
y = lk(j,a) {x) and y = 7fcO,i^) {x) respectively. We obtain 

lim (0f -0f)(a:o,y) =c^(a;o) + (^^oAt-V''')(a^o,7fc(xo)) 

where k £ {fc(j, a), a;)}. We deduce that 

lim (0^' - 0^')(xo,2/) = 4(xo) - c\{xq) + (■0'^ ok- ■0^)(a;o, 7/0(2^0)) 

y—7fc(3:o) 

for fc e {k{j,a),k{j,uj)}. Since (0J^ — ?/'j'^)(a;o, y) is constant then 

does not depend on w e {a,uj}. The graph Q{fiX, K^) is connected (prop. I6.7|l . 
hence c^(xo) — cJ,(a;o) + (0'^oK— 0^)(a;o, 7fc(a;o)) does not depend on fc e {1, . . . , N}. 
In particular we obtain that (0j^ — 0j^)(a;o,y) is equal to the constant function 
c{xq) for all j E Z/(2i^(X)Z). By construction we get 

^U-K'i^^O'^^ = '^J+i ° ("^TO"^ ^Vo,2) = (z + c(a;o)) o^^^^^^(xo,2;) o (z - c(a;o)) 
for all j e Z/ (2i^(X)Z) as we wanted to prove. □ 

Proposition 10.2. Let (pi,ip2 G Diff ^pi(C^, 0) with common convergent normal 
form exp(X). Fix fi G e'^'^''^' and a compact connected set C §^ \ B^- Fix a 
privileged curve y — 71 (x) associated to X and a constant M > 0. Suppose that 

^l,2,K'^(^o,z) = (z + c(.To))o^^^^^^(xo,2;)o {z-c{xq)) Vj G Z/(2t/(X)Z) 

for some xq G [0,So)Kx and c{xo) G B{0,M). Then there exists a r-mapping n 
such that K o {ipi)\x=xo ~ i^2)\x=xo ° constant r G K"*" does not depend on 

Xq. Moreover we get {ip-^ ok — ip'^){xQ,ji{xo)) — c{xo). 

Proof. Consider the notations in proposition llO.il We want to define 
f^iy) = ° ixo,z + c{xo))o^J'{xo,y) 

for j e Z. There exists A G M+ such that supj:^(^) \-)pJ' -'ipf\<A for I e {1,2} 
(prop. We have exp(B(2^ + M)X){\y\ < R) C {\y\ < e) for some R e R+ 
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Let E be the union of the elements of Reg{R, fiX, K'^). We deduce that k is well- 
defined in E(xq) and satisfies sup£;(^|^') ok — ip-^l < 2A + M, in particular we 
have k{E{xo)) C -8(0, e). Denote D = max/g{i^2},se{-i,i} supB(o_ij) |A_^o(=)|. There 
exist < r < R and B E N such that for all J £ Regoo{r, iiX, K'^) we have 

• Uk&{-B.....B}Wl^''\P)} C {y\ < R) for all P e J\ SmgX. 

• 30 < ko,ki < B such that {(pl'^~''°\p), ipl^'''\p)} C E yP el\SingX. 

• exp((2A + M + 2BD)X){\y\ < r) C {\v\ < R). 

We can define k in J{xo) \ SingX as either ip°2*'°^ o no ip°^^ or Lp°2 '^^'^ o no ip°^^^^\ 
By the construction and the hypothesis k is a well-defined holomorphic mapping 
in B{0,r) \ {SingX){xo) conjugating {ipi)^^^^.^ and {(p2)\x=xo- Moreover, we have 
supB{o,r)\'^P^ OK — tp^\ < 2A + M + 2BD. As a consequence we can extend k to 
-0(0, r) in a continuous (and then holomorphic) way by defining K\(SingX){xo) = ^d. 
The mapping k satisfies K{B{0,r)) C B{Q,R). Analogously by defining 

K°(-i)(j;) ^ (^f )°(-'^ o {xo,z- c(xo)) o^f (a;o,y) 

for j e Z we obtain a mapping : B{0,r') B{0,R') conjugating {ip2)\x=xo 

and (<^i)|a;=a:o- taking R < r' m the construction of k we obtain that k is a 
rR-mapping. □ 

The next theorem is the analogue of proposition 19 . II in the non-trivial type case. 

Theorem 10.1. Let ipi,Lp2 £ Diff :jpi(C^, 0) with common convergent normal form 
exp(X). Fix /i e e«(o>'^) and a compact connected set K'^ C §^ \ B'^. Consider a 
privileged curve ^ = {y — 71(2;)) in SingyX. Then ipi ^ ip2 if and only if there 
exists d £ C{x} such that 

^Lk-, ^) = + '^(^)) ° ^Lk-x o{x,z~ d{x)) Vj G Z/i2iyiX)Z). 

The previous equation is equivalent to exp(d(a;) log (^2) ° ^{vii ¥'2,7) G Diff (C^, 0). 

Proof. Implication =>. Let a E Diffp(C^,0) conjugating (pi and (p2- We denote 
c(x) = o a — tlj^){x, 71 (x)), wc have c E C{x} (lemma rf0.5|) . We deduce that 

[x, z) = iz + cix)) o e^^^^, (x, z) o{x,z- c{x)) yj E Z/{2iy{X)Z) 

by proposition I f . f1 The mapping a is of the form exp(c(x) log 1^92) ° '5'(¥'i, </32, 7) 
(lemma 15.211 . Lemmas 110.61 and 110.71 imply c=c. 

Implication Fix an EV-covering K'^^ = K'^, K'^^ , . . ., K'^^ . Supposed 

(7) {x, z) = iz + dix)) o e [x, z) o{x,z- d{x)) Vj E Z/{2i^{X)Z) 

for some p E {1, . . . , ^} the proof of prop. 110.21 provides a continuous mapping 
crp{x, y) in the set [0, 5i^)K'^ x -6(0, r) such that it is holomorphic in the interior and 
conjugates ipi and ip2. Moreover ap{xo,y) is a rR-mapping for all xq E [0,So)K^ 
and some r,RE M+. We obtain {ip^ o ap — tp^){x, Ji{x)) = d{x). 
The existence of cti and proposition II . l1 implv that 

^g{xo,z) = {z + d{xo))oS^^ (xo,z) o (z - d(xo)) 

forallj E Z and for all xo E {0,Sa){K'^^ DK'^''). By analytic continuation we obtain 
the same result for xq E [0, So)K'^^ if n K'^'' 7^ 0. The iteration of this process 
shows that the equation [7| is fulfilled for all q G {1, . . . ,1} and xq E [0, So)K'^^ . 
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Suppose k'^Tik'^- ^ forp, qe {!,..., I}. Denote h ^ {agY^-^^oap. We obtain 
hoipi = ipiohinxe [0,6o){k'^''nk'^'') and {i:^ oh-i;^^){x,ji{x)) = 0. Corollary 
[TTul implies h{x,y) = Id and then ap = Uq in [0, (5o)(ii:^'' n K^^) x B(0,r). Thus 
all the (Tf, (6 s {1, . . . , ^}) paste together in a mapping a such that it is continuous 
in 5(0, i5o) X -6(0, r) and holomorphic in (_B(0, (5o) \ {0}) x _B(0,r). By Riemann's 
theorem a is an element of DifFp(C^, 0) conjugating ip\ and ^)2■ Moreover we have 
a = exp(d(a;) log (^2) ° o'(<^i, f2,l) by the first part of the proof. □ 

Proposition 10.3. Let if € Diffpi(C^,0) such that logip ^ Xpi(€?,Q) and Fixcp 
is not of trivial type. Then there exists q G N such that Z{ip) =< exp(g^^ ^ogip) >. 

Proof. We can suppose (p € Diff 2,pi(C^, 0) up to a ramification {x^ ^y). Let exp(X) 
be a convergent normal form of Lp. A diffeomorphism ?; G Z{lp) is of the form 
exp(c(a;) log (/?) by lemma 15.21 Consider a privileged y ~ "ii{x) in SingyX. We 
have {ij}-^ ori — 'ip-^){x^^i{x)) = c{x) by lemmas [10.61 and II . 71 Fix /i e e*^''''^) and a 
compact connected set K'^ C §^\i?^. Denote = e N : Elj e Z s.t. ajj ^ 0}. 

The set £' is not empty (prop. 18. 2|) . Denote g = gcdi?. The continuous functions 
c{x) satisfying the equation 

C.if^ ^) ^ + "^f^^)) ° C.i^^ ^) ° (2^' ^ - c(a;)) Vj e Z/ (2iy(.^)Z). 

are the constant functions of the form p/q for some p G 1,. Thus the result is a 
consequence of theorem llO.il □ 

10.3. Complete system of analytic invariants. We can introduce a complete 
system of analytic invariants for elements ip € Diffpi(C^, 0). The presentation is 
slightly simpler if ip\x=o is not analytically trivial. In such a case we obtain the 
generalization of Mardesic-Roussarie-Rousseau's invariants. 

Let (pi,(p2 € Diffpi(C^,0) with Fixipi — Fixip2 and Res{ipi) = Res{(p2)- Sup- 
pose that Fixipi is not of trivial type. Let exp(X) be a convergent normal form 
of (fii. There exists k e N such that Y = {x^,y)*X belongs to A'tpi(C^,0). Fix a 
privileged curve 7 e SingyY. Consider an EV-covering Ki = Ky , . . ., Ki — Ky . 
We say that m(^^(xo) = rn^p^^xo) for xq in B{0,5o) \ {0} if there exist c{xo) G C 
and b{xo) £ {1, . . . , ^} such that Xq S R'^Ki,(^x^-j and 

^U,Kti^o) z) = {z + c{xq)) o ^^^^^k,^,^^ i^o, z)o{xo,z~ cixo)) Vj e Z. 

The definition makes sense since an EV-covering depends only on Fixip and Res{ip>) 
for ip £ Diff tpi(C^, 0) by remark I^TTI We denote to<^j(0) = 771^3(0) if we have 
{m)\x=Q ~ i^2)\x=o- We say that Inv{ipi) ~ Inv{ip2) if TO^i(a;o) = /^^^(xo) for 
all in a pointed neighborhood of and we can choose c : B{0,So) \ {0} C 
such that Inig(c) is bounded. Both invariants m^, and Inv(ip) can be expressed in 
terms of /^-spaces of orbits. In this section we prove that ipi ^ ip>2 is equivalent to 
Inv{pi) ^ Inv{ip2). 

Lemma 10.8. Let f{x) be a multi-valuated holomorphic function of B{0,S) \ {0} 
such that f{e'^^'^x) — f{x) = C for some C G M. Suppose that \Imgf{x)\ is hounded 
in a neighborhood ofO. Then f belongs to i?(_B(0, (5)). 

Proof We define F = f{x)-(C/2Tri)\nx, we obtain F G 'd{B{0,6)\{0}). Moreover 
we have ImgF — Imgf + (C/27r) In Suppose C = 0, then / has a removable 
singularity at x = since Imgf is bounded. 
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Let us prove that C ^ is not possible. Since liniaj^o ImgF e {— oo, +00} then 
F does not have an essential singularity. Supposed F has a pole at x = then it 
is of the form Ae'''/x'- + 0{l/x^-'^) for some {l,A,0) e N x R+ x M. This is not 

possible since then limr^o Imgf{re~ = 00. Finally we obtain C — since 

we have lima;^o I'mgf{x) — ImgF{0) — (C/27r) lim2;_»o In \x\. □ 

All the elements of Diffpi(C^, 0) can be interpreted as elements of Difftpi(C^, 0) 
up to a ramification {x™,y). The ramification preserves the analytic classes of 
elements of Diffpi(C2, 0). 

Lemma 10.9. Let ipi,ip2 & Diffpi(C^,0) with Fix(pi = Fixip2- Consider to e N. 
Then ipi - ip2 if and only if{x^/'^,y) o ipi o (a;™,?/) ~ (a;^/'",y) o (^2 o (a;™,y). 

Proof. The sufficient condition is obvious. 

Denote ipj — (x^/™, y) o ipj o (a;™, y) for j G {1,2}. We have Fixtpi — Fix(p2 by 
hypothesis and Res(ipi) = Res{ip2) since the residues arc analytic invariants. We 
can suppose that ipi and ip2 are not analytically trivial. Otherwise both log ipi or 
\0gf2 belong to ^"(0^,0), we obtain ifi ~ Lp2 by proposition 15. 21 

Denote h = {e^'^^^"^x,y). Let ctq e Diffp(C^,0) conjugating (fi, (p2- Since we 
have o (p.joh — ipj for j e {1,2} then Ok — h°^~^'^ o ctq o /i"^^) conjugates 

ipi and (p2 for fc G {0, . . . ,to}. The diffeomorphism CTq^ o cti belongs to Z„p((pi), 
hence it is of the form exp(Clog(^i) for some C G Q by propositions 1 1 . 3l and 19 . ll 
Since cr^*' o crfc+i is equal to h°^'^^ o exp(Clogi^i) o = exp(Clogi^i) then 

Id (o-o'"^^ ° '''i) ° (^1* o 0-2) o . . . o (cr°JZi' o fj-m) = exp(CTOlog(pi). 

We obtain C = by uniqueness of the infinitesimal generator. Since cfq and 
^g27rz/m^ y-j commute we deduce that a — (a;™,y) o ctq o (x^/"^,y) is an element 
of Diffp(C^, 0) conjugating (pi and (^2- D 

We can prove now that Inv provides a complete system of analytic invariants. 

Theorem 10.2. Let (pi,ip2 G Diffpi(C^, 0). Suppose that Fix(pi = Fix(p2 and 
Resifi = Resip2. Then ipi ^ ip2 is equivalent to Inv{ipi) ~ Inv{ip2). 

Proof. We can suppose that Fixipi is not of trivial type by proposition 19.21 We 
consider the notations at the beginning of this section. We can suppose that logt/^i 
and log(/32 are divergent, otherwise we have that ifi^ip2 (prop. I5.2|l and we can 
choose c = 0. Let aj be a convergent normal form of (pj for j £ {1,2}. There exists a 
mapping ctq conjugating ai and a2 (prop. I5.2|l . Up to replace (p2 with ctq'' oif2oo'0 
and il,^^K, ■^ith {z - d{x)) o ^^^^^^ o{x,z + d{x)) for aU (6, j) e {1, ...,;} x Z and 
some d G C{a;} we can suppose that ipi and ip2 have common convergent normal 
form. Finally we can suppose that (pi,(p2 € Difftpi(C^,0) by lemma ITO. 91 

The sufficient condition is a consequence of theorem llO.ll Since change of charts 
commute with z — > z + 1 we can suppose that c is bounded by replacing c{x) with 
c{x) — [Re{c{x))] where [] is the integer part. There exists a r-mapping conjugating 
</'i(a^o, y) and (^2(2:0, y) for all xq in a pointed neighborhood of and some r G M"*" 
by proposition 1 11). 21 We obtain 

^i2,KS^o,z)= {z + c{xo))o^^^^j^^{xo,z)o{z-c{xo)) Vj G Z V6g {1,...,/} 

for all xo G (0, So)Kb by proposition llU.il 



50 



JAVIER RIBON 



Suppose sup^j-Q ^jj-j^j-o} \Img c\ < M. Fix p G {1, . . . , ^}. Consider the set 
EP{^i) = {i3,m) e X N : a^^J„_^^ ^ 0}. 

We define EP{ipi) = EP_^{ipi) U E{{ipi). We have EP{tpi) 7^ by proposition lO 



Let xi e (0, ,5o)-ft:^'' such that (j,m) G £:P((pi) imphes a|;^_^^(xi) ^ 0. We define 



for all (j, m) e Since e"2™M < laf^^^^aJ^^^^J < e^™*^ in (0,Jo)i^p 

then dj^ra & '^((O, i5o)-^p) for all (j, m) G £'p((/3i). We get dj^m{xo)^c{xo) G Z/to for 
(j, m) G EP{ipi) and ajj„ ^ (a;o) 7^ 0. Thus the image of dj^„i — dj'^m' is contained 
in Z/m + Z/m' for {j,m), {j' ,m') G E'p{lpi)] since (ij^m(a^i) = dj'^rn'i^i) we deduce 
that dj^TO = dji^rn'- Denote by dp any function dj,m for {j,m) G E'P{ipi). We obtain 

C R'^'p(3^o,^)= (2^ + dp(a;o))o'?f„ (a;o, z) o (z - dp(a:o)) 

by construction for all (j, xq) G Z x (0, 5o)Kp. We have |/mg(c?p)| < M in (0, 5o)Kp. 

Consider p, g G {1, . . . , ^} such that Kp^Kq^ 0. Consider (j, to) G EP{(pi) and 
{j',m') G We have dp(a;o) — c(xo) G Z/m and dq{xo) — c{xo) G Z/771' for 

ah xo G {0,6o){kp n X^) such that {aJ^^^j^^aJ,]^,j^J{xQ) ^ 0. We deduce that 
dp — dq is a constant function, moreover dp — dq G Q. Then we can extend dp 
to {0,So){Kp U Kq). We get that di is a multi-valuated function in B{0,So) \ {0} 
such that di{e'^^'-x) - di{x) = C for some C G Q. We also have \Img{di)\ < M 
in 5(0, (5o) \ {0} and then di G t?(i3(0, (5o)) by lemma [TU^ Then (^i and (^2 are 
conjugated by an element of Diffp(C^, 0) by theorem llO.il □ 

We give now a geometrical interpretation of our complete system of analytic 
invariants. Roughly speaking, given ip G Diffpi(C^,0) the next theorem claims 
that the analytic classes of 'fi\x=xo for & B{0, 60) \ {0} characterize the analytic 
class of If whenever we exclude singularities of the conjugating mappings at xq = 0. 
The result is the generalization of proposition 19.31 

Theorem 10.3. Let (pi,(p2 G Diffpi(C^,0) with Fixipi — Fix(p2- Then (fi ^ ip2 
if and only if {^Pi)\x=xq o,nd {ip2)\x=xo '^''^ conjugated by a r-mapping Kx^ for some 
r G M.'^ and all xq in a pointed neighborhood o/O. 

Proof. By proposition 19. 31 we can suppose that Fixipi is not of trivial type. 

We have Fixtpi = Fixip2 by hypothesis and Res{ipi) = Res(ip2) since the 
residues are analytic invariants. Let aj be a convergent normal form of ipj for 
j G {1,2}. Then there exists C G Diffp(C^,0) such that C ° "1 = "2 o C by 
proposition 15.21 By replacing tp2 with o o ^ we can suppose that (fi and 

ip2 have a common normal form ai. The mapping Kxg has to be replaced with 
o Kxo, it is still a rR-mapping (maybe for a smaller r G M^) by lemma 
llO.ll for all Xq in a pointed neighborhood of 0. 

There exists to G N such that X — (x™, y)* log ai belongs to A'tpi(C^,0). Fix 
a privileged curve {y = 71(2;)) G SingvX and an EV-covering. Let us denote 
c(xo) = [ip'^ o K^jT. — ^^)(a;o, 7i(a;o)). We are done since proposition 110.11 and 
lemma [TO . 51 assure that the hypothesis of theorcm ll0.2l is satisfied. □ 
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Theorem 10.4. Let ipi,ip2 G Diffpi(C^,0) satisfying that Fixipi = Fixip2 and 
Res{fi) = Res{f2)- Suppose that {ipi)\x=o G DifFi(C,0) is not analytically trivial. 
Then ipi ip2 o-nd only if m^-^ = m^p^ . 

The analogue of this theorem for the generic case when N{X) = 2 is the main 
theorem in [Hj. They do not impose any condition on (</'i)|x=o- The next section 
provides counterexamples if {^pi)\x=Q is analytically trivial. They did not notice 
that the hypothesis m^-^ = m^^ does not prevent the degeneration of conjugations 
in the neighborhood of x = 0. 

Proof. We can suppose that Fixipi is not of trivial type by corollarv l9.1l Moreover 
we can suppose that ipi and (/?2 have a common convergent normal form. Consider 
the notations at the beginning of this section. 

We have ^^,^,(0, z) = eJ(o!,)(-^) for all ^ G Wi, <^2}, 6 G {1, ...,/} and j € Z 
where A = A((^i) = A{ip2) (cor. 18.1(1 . Since {^i)\x=o is not analytically trivial 
then there exists s(0) G {-1,1} and (j(0), 5(0), /3) G 1)^(0) (v?i) x N x C \ {0} such 
that aj^p^ ^ (0) = /3 for all p e {1, . . . , ^}. Then m^p-^ (0) — m^^ (0) implies that 
there exists G £'s(o)(¥'i) x C \ {0} such that aj^^^^ ^^^^ ^ (0) — f3' for aU 

p G {1, . . . , Z}. Since m^p-^ = m^p^ we have 

f (r] - 0*^1 ( \ 27Tls{0)b{0)c(x) 



„V2 I \ _ VI ( \ 2TTis(a)b(a)c{x) 

"■jii)Mo),K,^^-,y^) - «i(i),6(o),if,(,,^2;je 

The first equation implies s{0)lmgc{x) > Ki in a pointed neighborhood of for 
some Ki G M. We obtain s{0)lmgc{x) < K2 for x ^ and some K2 G M from 
the second equation. This implies \Img c{x)\ < max(|i<ri|, |i^2|) for all a; 7^ in a 
neighborhood of 0. Now 931 ^ (p2 is a consequence of theorem 1 10. 21 □ 

11. Optimality of the results 

We introduce an example which proves that the hypothesis on the non-analytical 
triviality of {'Pi)\x=o in theorem 110.41 can not be dropped. It also shows that the 
uniform hypothesis in theorcm ll0.3l is essential. 

Proposition 11.1. Let X € Xpi(C^,0). There exist ipi,ip2 G Diffpi(C^,0) with 
normal form exp(A') and such that m^-^ = hut ipi 9^ ip2- Moreover there exists 
an analytic infective mapping a conjugating ipi and ip2 and defined in a domain 
\y\ < Co/ ^-'^yn^ for some Cq G R+. 

In particular we provide a counter-example to the main theorem in W. The 
domain \y\ < Co/ "^^{/\ \nx\ is defined in the universal covering of C* x C; its size 
decays when x tends to 0. Anyway the decay is slower than algebraic. 

Let X — f{x, y)d/dy G A'pi(C^, 0). We consider vector fields of the form 

^ f{x,y) d 2 't^ 

+ f{x,y)v{x,y,t) dy dt 

where v is defined in a domain of the form i3(0, 5) x i?(0, e) x 5(0, 2) in coordinates 
{x,y,t). The vector field Xy supports a dimension 1 foliation fly preserving the 
hypersurfaces x = cte. Moreover since Xy{t) = 2Trit then Xy is transversal to every 
hypersurface t = cte except t = 0. As a consequence we can consider the holonomy 
mapping holv{x,y,to, zo) of the foliation given by Xy along a path t G e'^'^''^°'^°ho, 
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it maps the transversal t = to to t — toe'^^^^° for to ^ 0. The restrictfon of 
holv{x, y, t, z) to [x, y) £ SingX is the identity. Supposed that v = v{x, y) we have 

hoUx,y,t,z) = (^exp (^.^-^.g^^^^) {x,y),e'-t 

The restriction {iiv)\x=o is a germ of saddle-node for v G C{x, y, t}. The holonomy 
holy{0, y, to, 1) at a transversal t = to to the strong integral curve y = is analyt- 
ically trivial if and only if {Qy)\^^Q is analytically normalizable In particular 
i^o)\x=o is analytically normalizable. Every foliation in the same formal class than 
{i^o)\x=o is analytically conjugated to some {i^v)\x=o with v G C{y,t} n (j/,t), we 
just truncate the formal conjugation. Every formal class contains non-analytically 
normalizable elements, hence there exists S C{y, t} n (y, t) such that 

^''^"^^-'=l + f{0,y)vOiy,t)d-y+'^''di 

is not analytically normalizable. Hence the holonomy hol^o (0, y, to, 1) is not analyt- 
ically trivial for to =/= 0. Moreover up to change of coordinates {x,y,t) —^ (x,y,r]t) 
for some 77 G K+ there exists {Sq, cq) G K"*" such that 

. v° G i9(B(0,eo) X 5(0,2)) and supb(o,5„)xb(o,2) < 1- 

• SUp5(o,5o)xS(0,eo) 

I/I < Co < 1/16. 

• 1/2 < supb(o_5^)^b(o_,„) 1/ o exp(zX)(a^, y)\/\f{x, y)\ < 2 for aU z G 5(0, 2). 
The constant Co > will be determined later on. There exists k G N such that 
(x^y)*X G Xtpi{C^,0). Denote Y = (.x^y)*X. Consider U = 5(0,(5) x 5(0, e) 
such that there exists a EV-covering Ki ~ Ky^ , . . Ki — Ky fulfilling that H{x) 
is well-defined for all x G [0, S)Kp, H G Reg{e, HpX, Kp) and p G {1, . . . , Z}. We can 
also suppose that there exists C > such that 

C 

(l + |V^^_,(^)|)i+W) 

for all H G Reg{e, HpX, Kp), p G {1,...,^} and k G {L,R} by proposition 17.11 
Finally we suppose that exp(5(0, 4)X)(C/) is contained in 5(0, (5o) x 5(0, eo). 

Denote V = 5(0,(5) x 5(0, eo) x 5(0,2). Let v G such that supy |w| < 2. 

Consider an integral ip of the time form of X. We have 



2-Ki J l + vf l + vf 

We obtain 

(9) 4: o holy{x,y,t,ZQ) ^ il)(x,y) + zq- I — — - o holv{x,y,t, z)dz. 



l + vf 

We claim that hol^^U x 5(0, 2) \ {0} x [0, 1]) C F. Otherwise there exist {xQ,yQ, to) 
in ?7 x 5(0, 2) and a minimum zq G [0, 1] such that yoholv{xo, yo, ^o, ^0) G 95(0, eo). 
This leads us to 

2C 8 

IV'o /ioZt,(a;o,yo,to,2o) ~ V'(a;o,2/o)| < l^ol + l^^ol:; ^7^ < ^kol < 2 

i — ^Oo I 

and that contradicts the choice of [/. Denote A„(a:, y, t) — ipoholy{x,y,t,l) — {^p+l). 
We obtain 

32 

|A„(x,y,t)| < y|/(x,y)| < 5Co V(x,y,t) gUx 5(0,2). 
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We define Al{x,y) = Av{x,y,l) and Al{x,y) — Ay{x,y,x). The function is 
holomorphic in U. The same property is true for A.^ since it is holomorphic in 
?7 \ [a; = 0] and bounded. 

We define ipi^y — holy{x, y, 1, 1) and ip2^v — exp(zX)(a;, y,l + A^(a;, y)). Clearly 
V2,v{.^,y) = holy{x,y,x, 1) for x ^ 0. 

Lemma 11.1. exp(X) is a convergent normal form of ipi^v, ^2,v for all v in i!){V). 
Proof. The equation O implies that A^ and A^ belong to (/). Since we have 

y o ^ = y + ^(1 + A^)^- ^ = y o exp(X) + 0(/2) 

for if € {^i.vi f2.v} then tpi y and ip2.v have convergent normal form exp(X). □ 

Fix a privileged 7 e SingyY. We choose Co > such that there exists / > 
holding that Vs G {—1, 1} and Vj G Ds{exp{X)) we have 

e C°([0,(5)A'p X [s/mgz < ~I]) n ^{{0, 6)kp x [s/mgz < -/]) VI < p < ^ 

whenever ip has convergent normal form exp(X) and jA^ (x, y)\ < 5 min(Co, \ fix, y)\) 
for aU {x,y) G B{0,6) x 5(0, e) f remark 17^ . 

By choice {<fi.vo)\x=o is not analytically trivial. Thus there exists (j(0),p(0)) in 

Zx {1, . . . ,/} andxo € {d/2, 5) x kp(^o) such that ,K^^o^i^o, z) ^ z + C.p^^oM- 
Denote u = {x/xo)v^{y,t), we get supv\u\ < 2. We define ifi — ^i,u and ip2 — ^2,U' 
Lemma 11.2. tpi is not analytically trivial. 

Proof. By construction (a;, z) is well-defined in a; G [0, (5) x iirp(o) and 

^'ipi^K (-''Oj z) ^ z + dpi (xo). We deduce that ipi is not analytically trivial. □ 

The next lemma is a consequence ofu(0,y,t) = 0. 

Lemma 11.3. {ipi)\x=o = {V2)\x=q = exp(X)|2.^o- Ii^- particular {(pi)\x=o and 
{'P2)\x=o o,re analytically trivial. 

Denote by <t{x, y) the analytic mapping holu{x, y, 1, Inx / {2TTi)) . 

Lemma 11.4. The mapping a{x,y) conjugates ipi and ip2 in a domain of the form 
\y\ < Co/ "'^-^l lna;| for some Co E K^. Moreover a is not univaluated since 

( Ina; \ 

(T(e^''*x, y) = holu y, 1, -— + 1 = holu{x, y, x, 1) o a{x, y) = ip2° <y[x, y). 
\ zm ) 

Proof. Consider a domain W C -6(0, (5) x i?(0, eo) such that 

exp [b (x, y) e B{Q, 6) x 5(0, eo) V(x, y) € W. 

Since y o holu{x, y, 1, i(;lna;/(27r)) C B{0, eo) for all w e [0, 1] implies 



(10) 



In X 

1/) o /ioZ„ ( X, y, 1, wtt" ) ~ ■^(^' ^) 



I Inxl w I Inxl I lna;| 
~ 27r 7 27r tt 



by equation 1^ then /ioZ„(x,y, l,u;lnx/(27ri)) is well-defined and belongs to V for 
all {x,y,w) G W X [0, 1]. We have ip 1/y''''^-' in the first exterior set by remark 
16.31 we can deduce that W contains a domain of the form \y\ < Co/ "^^^\ \nx\ for 
some Co e M+. □ 
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The domain Wo — [\y\ < Co/ "^^^\ \nx\] contains the germ of aU the "algebraic" 
domains of the form \y\ < for 6 G Q+, in particular Wo contains SingX\{{0, 0)}, 
every intermediate set and every exterior set except the first one. 

Lemma 11.5. We have 

for all {j,p) ^ Z X {1, . . . ,1} and xo G (0, S) x Kp. Then we get m^^ = mi^^ '^^'^ 

Proof. Let {xq, yo) G SingX \ {(0, 0)}. We remark that 

lim ip o holy [ x,y,l,w^^] - tp ^ w^^^^ 

for all w G [0, 1] by equation|51 Basically the uniform hypothesis in proposition llU.il 
is used to estimate o k — tp for a r-conjugation k. Such an estimation is provided 
here by the ineaualitv llUI hence we can proceed like in proposition IIU. l1 to obtain 

for all (j,_p) G Z X {1, . . . , ^} and xq G (0, 6) x Kp. We deduce m^^ = m^^ from the 
previous equation and {(pi)\x=o = iV2)\x=o- 

We know that 931 and 1^2 are not analytically trivial. Therefore we have (pi 7^ (p2] 
otherwise | In would be bounded in a neighborhood of by theorem I1U.2I □ 
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